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ON AN EXTENDED MULTIPLE HARDY-HILBERT'S 
INTEGRAL INEQUALITY 


YANG BICHENG Амр LOKENATH DEBNATH 


ABSTRACT : This paper deals with an extended multiple Hardy-Hilbert’s integral inequality with some 
parameters and a best constant factor involving The Gamma function. Several new particular results of the 
paper represent an extension as well as an improvement of earlier results. 


Key words and pharases : Hardy - Hilbert's inequality, B function, Г function 
2001 Mathematics Subject Classification Codes : Primary 26D15. 


1. INTRODUCTION 


р> 2+0=1, dy b, 2 0,0<У а) < =, and0< Уу (20 < оо, then 





b, р 4 
25-5 En RS (Èa | Ра , СА) 


where the constant 7 / ѕіп(л / p) is the best possible. Inequality (1.1) is well known as Нагау- 
Hilbert's inequality. Its integral form is as follows : 


i сийн 


ЇЕ/(0,6(020,0« f, 24072 and 0 « 1850) « co then 


Г oe foel) 
x+y m р) 


(ГУ P(t) а) (к 820) ау" (12) 


here the constant 7 / sin (7:/ p) is still the best possible (See Hardy et al. |11). 


The Hardy — Hilbert's inequality is important in analysis and applications (Mitrinovic et al. 
[2]). In recent years, Inequality (1.1) had been strengthened by Yang and Gao [3, 4]. Yang [5, 6] 
gave the following two distinct generalization of (1.2) : 
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“а (x +y—2a) 


e 


T / 
fr fr LOO) адау <р) [e-a roa] 4f (t - a) ^ уа) ч (13) 


Г л aw КОК 088 IN (Р-01- D кру а} “рид” 


"a (1.4) 
р) . г 


where the constant factors ky, (p) = B ( m ү ы 2 (А > 2— min (p, ар) in (1.3) and 
р 


7 / À sin (t / p)(A > 0) ш(1.4) are ай the best possible and В(и, v) is the Beta function. 
When a = 0, and A = 1, both inequalities (1.3) and (1.4) reduce to (1.2). 


Using the Gamma function, Hong (7, See (3.1) for t = А] gave an extension of (1.2) in the 
form of multiple integral and proved the following integral inequality. 


с 1 
Ifae R,a»0,p,»1, XL 5 1, r5 П" үр >520. хэ Ца-а-2) 
а 
4 


and f; 20 (i= 1, 2,..., п), then 


EST 


. a ee A b (х Зар Пле) dx dx, ... dx, 
i=} =] 


- Vp 
Ек Ж. 1, b 1 b alah 
< ————— — ГС-404-4 Г(А-–- (п-1) – | (t-a P (f) dt 
scu il quc puse 21 ) ғ" 
(1.5) 
We find that (1.5) neither reduces to (1.3) for n =2, and a = 1, nor reduces to (1.4) for n = 2, 
a = 0, and à = 1 (in this case for a = A), but reduces to (1.2) forn = 2, 2 0. anda - b - А= 1. It 
follows that inequality (1.5) is only an extension of (1.2). 
In spite of Hong's work, some new extensions, improvement and пеу/ generalization seem 
to be important and useful for applications. So the main objective of this peper is to prove a new 


multiple Hardy-Hilbert's integral inequality with some parameters and a best constant factor so 
that we can make an extension of (1.3) and (1.4) and an improvement of inequality (1.5). 


In order to prove main results, we need the following lemmas : 
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2. SOME LEMMAS 


kl 


. Lemma 2.1. If ke № л> 0 (= 1, 2, ... k 1), and У = ХЕ), then we have 
(58 
jue а-а OT а ! du,...duy = (ГӨЛӨГ Го) (2.1) 


i=] i=] 
Proof. We may prove equality (2.1) by induction. 


For k = 1, since 50) = rj + гу, and (see Wang and Guo [8]), 


B ; = | і 1 4 Ї (р) (4) 1 0 ; . 
(p q) лт 0 (1 ура t Тра). а) (р q» ) (2 2) 
we have 


Stuy ut! du, = Bin, 5) = ——T (rT). 
Ї (1+и,) Hj uy (қ, һ) ГОО» (DEC) 


Hence (2.1) is valid for k = 1. 


- 


8-2 Ра 
If for k 2 1, (2.1) is valid, then for k + 1, since Ул = А(К +1) setting 
i=] 


k+l 
v=ų/(l+ Xu ) in the following, we have 
i=l 


5-1 


шесі (ауз Әу Пе ^ du, dtp... diy (29) 
i ийг ————— 
кек NEM П-1 
-Ц бе Jc (1+ EXP Мк+1)—п Ve Bibs: ач! еа 3 
k42 


In view of Ул +7, =A (k+ 1), by (2.2), we find 
152 


Ё 5-2 
12-9) +0 ул! gy = — 1. груһ) T (n). 
Газ» HERES (Em (n) (2.4) 
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Since Ñ (k+ 1)— r= Жк , then by the assumption of induction оп k, we find 


k42 
2: 8 f asap Eur ша. „dup 7l (Fur? ПГо) . Q5 
ілі 


1=2 
In view of m. eas and on we obtain 
k+2 


bd Kaze ЇГ" du, duy... diy.) = II (п), 


It follows that for апу k € №, (2.1) is valid by induction. 


The lemma is proved. 


Lemma 2.2. Га є R,nz2,a» 0, pj»1(i2 1,2, ., n, А>- min (p,], and $,- =1, for 


1<1<п ігі Pi 
je (1,2, ..., п}, setting 
= (х - о)4ға0- п)/р, ШИИ GL ее 
Xe -oyp 
=1 
Ш _ еууа-1І+а(А-п/ р, 
x Пб, - 09 J| dde duc cde cdi (2.6) 


then we have 





бу cilm -552| G = dean). 


Pinal 
Proof. Setting Pn = Pj, and 
и = (х, ay Kx, – о), Pis pi, for i= 1,2, .., 7-1 


u = ay 


- a fx, оу, Pi= Pj, foni-jjsl.n-l 
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in (2.6) by simplification, we obtain 
1 1 T (А-н)/ Pi 
D, = — Г-------Пи 
Цан MM M vil á du duz. аи, | (2.8) 


(1 + Ун) i=l 


pe л 1 Л 
Since n 2 2, P >1, and — = 1 then we have min (Гр, 
Ls Ра, 


А>п- mim р> 0,1 (9 Аб 50 i2 1,2.., mand Y[1-(n-2)/ Pi] - A, 
ӨРЕДІ ae pe m M шанг 


substitution л — 1 for К, А for A(k), and 1 — (n — A/Pi for riz 1, 2, 20) in (2.1), by 
(2.8), we get 
1 Ш п-2 1 п п-2 
б,----:-111)1--т-15--штс 1----1|(р- 
Hence equality (2.7) is valid. 


The lemma is proved. 


Е 
Lemma 23. Fae п >22, а> 0, Pi» 1А > п- min л, d. , and 
3 isig Р 2р1 


0 < Е<Ү = р -п+ 1 Sp „1Р0 /2, then we have 





ЕП, j La — —4l (x, — алан " " 
En ий 
Ї ” п- А 
: zl ЫН Р | + o(1) + ЕО(1) (е > 07) Q.9) 
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Proof. By, (2.7) and (2.8), we have 


b-b гу 


ы (A-n—/a)/ Pi 
Ж 





ы "m i=] du, 4%. du, _ 1 
n 
= ag, +о(1) = 1 r(1- 254) %). : 
т, + o(1) roll a Бо) Еэ) (2.10) 
And we find 
“el n/(x,-m)! (а-о) 1 43 (слав Р! 
А= NC -а) ЇЕ i бар ——— x IT! 5 4) du,.. du, 1 dx, 
(+ ш) i=l 
-1-6| (1(ху-а Ш да T1 ÀA—-n-gla)y P, 
28 ses) i nU i e. dns du a 
o) acl (хаа) ueram 
sjat К du; ;] dx, 
nai 14 1 
| Sting = Oy (2.11) 


MULIERE Сарата) 


іі 


Setting и, = (x; - 0)2/ (х, – a)" (i = 1, 2, ., n -1) in the left-hand side of (2.9), in 


view of (2.10) and (2.11), we obtain 
ef Г 1 TL - аравт ийн 
atl P Ке dx, .. dx 


n 





n-l 
х Па V du, dy, 11 ах, 


= 
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ziad (А-п- eam д2, du, addu A) 
"(УЛ 1 a) i 2 


таса к 0 ат 


Hence putting O(1)= -—} O, Inequality (2.9) is valid 
a 


гО\(є  0*) 


The lemma is proved 


3. MAIN RESULTS 
Theorem. 3.1 If а є R, n22,a»50, Р.> 1 





; n 1 
‚ А>п- min {P}, — x], and 
т ii Lp 2 
E ye A)-1-(a- 
> 0, such that 0 < ka-a) DP vhi (даг < œ (i = 1, 2, .., n), then 
оо оо 1 п 
ЇГ M x Mn ds 
[zz -9] ^ 
1 ІШ rJ к хашаагаа "(а ШЫ (34) 
<---- ---- і-о Қада 1 
агу е 7 
where the constant factor 


-г "(1-1% =*) 
а T(A) pi 
is the best possible. In particular, 
(D Юг Рі n (i= 1,2, .., n), we obtain 
jer р. 3, Пл (а), 
| m -9)| 


ізі 
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r() 1 

Л о п-аХ-1 n 
лае тда) (3.2) 
(ii) for A = n — 1, we find 


per = ПЛ х, )dx 


ps тер x ey| ' 


alin A) eal roa 


(ii) fæ A = n, we have 





n -l-(a-Üm МА 
T d ША, (r-a) т (мі (3.4) 


i=l 


(iv) fa a= 1, we have 





, di fr = 20:25:20 (3.5) 


іші 
where the constant factors the above inequalities are all the best possible. 


Proof. By Holder's inequalities, we have 


е-е 
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H 
2 m 1 _ у®п-МХ1-1/ру)+(®-1)(1-— ру) 
-1 TL zp 00 7% х 


Pi |у (ж-о) | 
TTG, -a)7 97" ра)... dx, 


a(n-AX1-U p,)t(a - D(1— p,) х 


<и Г 1 


à: | id (x; — 241 шэн 


л а-1+а(^-п)/ 1/ 
Па -а) еме у ey d an 


If (3.6) takes the form of equality, then there exist constants C; >0()- 1,2, ..., п), 
such that (see Kuang [9]), for any j, Ке(1,2,., n)(j =k), 


1 a(n—A)(1-1/ р,)+(а-1(1—р,‚)-ү" a-lta(k—-n) p, „р 
бүү 9) : “Пе - o) io) 


58-07 ih 


n 
-ÀX1-U -Dt- a~1+1(A—-n)/ p, 
Б A (x, "m a)" X1-U p, )* (a-1X POTT( x,— о) ЇР (xj), 


[xti - oy] Бі 


а.е. іп (0, о) х [0, о) х... x [0, oo). 
It follows that 


-À)-(a-1) 
(x; - 0)" К "Р (xj) = FG m Хр Xp anm xj 
а.е. іп (0, о) x [0, о) x... x [0, со). 
(n-A)-(a-1) 
ad (x eu) vo 9 Re жы Жү 8 08 


а.е. іп (0, оо) x [0, о) x ... x [0, oo). 


epo x) = constant, 


a(n-X)-11-(a—-1)p 7 


which contradicts the fact that 0 > Га -о) ЇГ а < e». 


10 YANG BICHENG AND LOKENATH DEBNATH 


oo 1 n 
Hence, by (3.6) and (2.6), we obtain ЇЇ ае Мін. 
[X69 
2 ЇЇ, 0 E e y (jar | (3.7) 
ік! 


Ву (2.7), we obtain (3.1). 


For 0 < £« y = [А -п+ min(p)]/2, setting Дуу = (x, -a)-e for 
Isisa ; 
хо Т =0,forasx,<a+1 (i2 1,2, ..., п), then we obtain the following equality 


о(п-4)-1-(0:-1)р, 


р р Шр; 
el I (ro f^ оа =! (3.8) 
1-1 


If there exist œ € R, а> 1, and А> n Tun {p;}, such that the constant factor 
n 


п-4 
zl А, 


іп (3.1) is not he best possible, then there exists а constant К 


0<К< 
|< мре 


а -azi) by К. 


Pi 








z>). such that (3.1) is valid when we replace 





a" UTR 
It follows from (2.9) and (3.8) that 


zi lr(i- 4} +000 


Di 





е Ур, 
< ек0 oo? ^pa) = Ke Ot). 
ігі 
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H h 1 п 1-1%) < к 
ence, we have a^ T) ixl p, > К. 





which contradicts the fact that К < e Пг (- А) 
a" T(À) 


1 n Г j= п- А) 
It follows that the constant factor аго) II | B 


in (3.1) is the best possible. 
The theorem is proved. 
When n = 2 in Theorem 3.1, we obtain. 


Corollary 31 Га € R, p» 1, uc = 1,a>0,4>2-min (p, q}, and f g > 0, such 
| p 


that 0 < Га _ о)42-4-1-(а-Әр p? (yat <œ, and 0 < Га - о)42-М-1-а-14 24 (гуд Zee 


Fg) 1 2-3 
then LL—M———— dxdy « au; E 


и и 
х li (t - оуе@-9-1-@-р Ра! 4 {fre - of 0739-1 (90 94 (ggg i (3.9) 


here th tf a 00-250 1-2) is ће b ibl 
where the constant factor «Г р q is the best poss} e. 


Remarks. (i) It is obvious that inequality (3.9) is an extension of (1.3) and (1.4), so is (3.1). 
(ii) Since the constant factor in (3.1) is the best possible, then (3.1) is a more accurate estimate 
than (1.5) (iii) Inequalities (3.2), (3.3), (3.4), (3.5) and (3.9) represents new results. 
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A HARDY-HILBERT'S TYPE INEQUALITY RELATED 
TO FIBONACCI SEQUENCE 


Gao MINGZHE Амр LOKENATH DEBNATH 


ABSTRACT : In this paper, it is shown that Hardy-Hilbert’s type inequality related to Fibonacci sequence 
can be established by introducing a parameter A 0 << «AS 2} and two functions u(x) and v(x) 


which are connected with Fibonacci sequence. In particular, for case p = 2, a new Hilbert’s type inequality 
for double series related to Fibonacci sequence is built. 


2000 Mathematics Subject Classification : 26D,; 40C,, 33В,; 


Key words : Hardy-Hilbert’s inequality, Fibonacci sequence, double series, weight function, beta 
function. 


1. INTRODUCTION 
It is well known that the sequence of the form 
1, 1, 2, 3, 5, 8, 13, 21, 34,... (1.1) 


is called Fibonacci sequence. Its general term can be written in form 


n+l n+l 
и (п) = 25 c = e» (Ez (12) 


} апа {b,} be two sequences of nonnegative real numbers, T =] and 
P 


E Ха? <+ c and DOP <+ с, then 


n-i n=l 


507268 a,b 22 Ир, | М4 
2.2 adi < roson p| Sat РЭ | (1.3) 


m=] n=l mtn n=l n=l 
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where the coefficients 7t csc л / p contained in (1.3) is best possible (sec [1]). It is the famous 
Hardy-Hilbert theorems for double series. In particular, for case p = 2, the classical Hilbert's 
double series theorem is obtained. 


In general, Fibonacci sequence (1.1) doesn't seem to be connected with the inequality 
(1.3). 


However the results appeared recently in some papers (such as (31-18) show that it is 
justifiable for us to establish а new Hardy-Hilbert's type inequality related to Fibonacci 
sequence. 


For convenience, we define two functions by 


EN /5 +1 ab - (- E8281 45-1 4 
u(x) = 45 2 2 (1.4) 


' х+1 х+1 
and уб) = Л (ER centem (3 1 (1.5) 


When x = n, the function u(x) become the relation (1.2) and v(m) is one related to 








Fibonacci function (see (2.1)). Let a, = 1- 2-À. Then BA – ©, Q,) expresses the beta 


function. In particular, when r= p, B(À — Op» (t) is denoted by В”, when шах -1,р2 
р 4 


q> 1а41- r < À <2, At same time we stipulate also that the sequences (а,) and {b,} 


are nonnegative. Throughout this paper, we will frequently use these notations and functions. 


It is mentionable that Yang and Debnath [3] established new inequaliies by introducing 
parameters А, B and А : 


га , Во а) fe : Ир ү " 1/4 
аһ b, p? q nl^ Р Y^ p 1.6 
2 2 (Ат + Bn}? NECS iE «| % й ( ` ) 
p 
B(a,, 0.) 
Op 


p?« 


where the constant factor is best possible. 
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Besides, the following result was given in the paper [4] : 


ис Ир ү М4 
Y X и... b, T (Een I-A) ar) P ot} (1.7) 
теі n=l 


т^ +n? < Xsinz/ р x 


where the constant factor л /(A sin л/р) is best possible. 


Their focus is to change the denominator of the function of the left-hand side of (1.3). 
Such as the denominator (т + л) is replaced by (Am + Bn)^ in paper [3]; and the denominator 
(m + n) is replaced by m^ + n^ (Vis а parameter which is independent of m and n) in the 
paper [4] etc., such that some new results were yielded. Hence when the denominator of the 
function of the left-hand side of (1.3) is replaced by the Fibonacii function, a new inequality 
established is significant in theory and applications. The main purpose of the present paper 
is to establish the following inequality of the form 


ЗЭВ а, b, Ир, o liq 
2 >> жаа SOME Se РОЗ (Eo юн , (1.8) 


“ііі (u(m)tv(n))* uai n=l 


where u(m) and v(n) are respectively functions defined by (1.4) and (1.5), and then to 
decide the coefficient k and to prove k to be best possible, at same time to find the expression 
of the weight function w,(x), (r = p х= т; r= q, x = n) As application, we give a new 
Hardy-Littlewood’s type inequality related to Fibonacci function. 


2. LEMMAS 
In order to prove our assertion, we need the following lemmas. 


Lemma 2.1. Let u(x) and v(x) be function defined respectively by (1.4) and (1.5). Then 
for any n е М, the functions u(x) and у(х) are derivable at point x = n, and 


, J5 +1 , 4541 
u'(n) = С 7 x(n), у (п) =| In 2 u(n). (2.1) 


It is very easy to prove this lemma. Hence it is omitted. 
Lemma 22. Let r > 1,0 < rs < land А> 1 — rs Then 











І : = (2) dt = B(A—(1—rs), 1— rs) (2.2) 
0 


where В(т, n) is the beta function. 
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Proof, According to the definition of the beta function we have 


1 
B(m, п) = fun" - uy" "du. 
0 
Put г= 1/ u- 1, then 





[еш (| dt = [hg -иул du, 
АПА 0 

This shows that the equality (2.2) is true. | 

Lemma 2.3. let 0 € ps < 1 and 1 ~ qs < А < 2. Define a function Ф by 

$(s) = {BA - (1 - ps), 1- ps3)? {BQ - (1- qs), 1— дв}! (2.3) 


where B(m, п) is beta function. Then Ф(5) attains the minimum В”, when S = 2-A 


Pd 


Ton) Г(л) 


Proof. Basing on the relation B(m, n) = Г(т + n) 


where Г (2) is the gamma function, 


we can write (2.3) as 


(s) = (rv ji 


тб 
where Г = I1 - rs) ГА-(1- ю),ғ-р,4 
Taking the derivative of Ф(5) we have 
Ф'(5) = (s) V(s) 
where Ҹ(5) = — V(1— ps) + ҮОй-1- ps) —(1— qs) + YAG — qs), here Ҹ(2) 





- қз is the psi function. We choose thus s such that 1 — ps = А — (1 — qs), so that 
1- 45 = А — (1 - Ps), hence gud Since that tet. l, it follows that S = 2-^ 
ptg Ж. Pq 


We therefore have v(2z2 2231. 0. Lie. Ф” (25А А)- 0. It is known from the paper [9] that 
Pq Pq 





P= 00, д= Y 


, where б is the Riemann zeta function. It follows that \Р' (s) 
2 
n-l (z T n) 
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> 0, hence Ҹ(5) is strictly increasing. Owing to the fact that (2) = 0, (5) > 0, when 
pq 


5» 2-3, . This shows that Ф (5) > 0. Similarly, we have Ф (s) < 0 when s < 2- А. 
pq 


Pq 





Consequently, the minimum of Ф (5) is 


8) Қ (езара Ce p 


Since 1-2-4 24- (1-224) 1-458-3-(1-343| 
4 p р 4 


and B(m, п)- B(n, т), we have the relation : 
[5-(1-2—5)  -224|-43-(- 2- 223) 1- 2-À | 
4 J 4 p p 


We therefore obtain (23 х). B'. The Lemma is proved. 
Pq 


3. MAIN RESULTS 


In this section we will mainly establish new inequalities related to Fibonacci sequence. 


Theorem 3.1. Let a, 20, b, 20, 4421, p>q>1,1- й « À € 2, u(x) and v(x) be 
Р 4 


functions defined respectively by (1.4) and (1.5). If X om» (у (т) Jag epee aia 


m=! 


У [ош вл < + o, then 


nol 


уу ambn < 


т=1л=1(и(т) + у(п))^ 


1/р 
ae À (v(m)) ар | 


m-l 






Ич 
х [Etven иву ч) (3.1) 
n-l 
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\/5 +1 
2 


where the constant factor B'/In 





is best possible. And the equality in (3.1) holds 
if and only if {a,}, ог {b,}, is a zero-sequence. 


Proof. Let's introduce into a parameter s such that 0 € ps « 1, By Lemma 2.1, u(x) and 
v(x) are derivable at point x = n(n є М). For convenience, we denote chat а, = A, (u'(m)!/4 
and b, = B,(v'(n)) ^, and then define two functions : 





Ф = 


An D"? (2) ша в- Palo" (m 702) 


(т) + (п)? \ ve) 7 шот) v Хийт) 


Apply Hólder's inequality to estimate the right-hand side of (3.1) as follows : 





Ў, 5-8. ў y Аб («my B, (ит) Ley 
моіи ибт) +n moins) vn) ^ (у(п)) (um) + v(n) ^? Num) 
TR е VP о ю Ма 
- Š Sop < |$ Žar] b »J 
mzlnz т-іп-і m-lnzl 
E Vp. и 
= (Sorama) БОЛТ | (3.3) 
т=1 nzl 





у' (n) (40) 5 
цайг m= XC La 





mi 0,0, )= È 808. (3088 


mci (и(т) + v(n))^ (и(т) 


Notice that v(0) — Л by Lemma 2.1, we have 


o uS. [= ee (ey ж- pm? orc БЭ 
m о (4(т) + v(x))* Убх) o (1+ v(x) / туу ' v(x) 


my анд.) (ei ar, 
«ox CE CM (.5(т)) (1+2)" 
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s A Su(m5) ps 
өвөг Ч 0) 4-1 sux) 
(u(m)) Ч "um Шет 7 


< (u(m)) - ^ BA -(1-ps), 1- ps). (3.4) 
Simimarly, we have oA, n) € (v(n)! - ^ BA (1—45), 1— qs). (3.5) 
It follows from (3.3), (3.4) and (3.5) that 








n 2 ps. 1/4 
x I < гө Зад) PIE (3.6) 


(4(т) + у(л)) т=1 
where Ф(5) is defined by (2.2). 


It follows from Lemma 2.3 that the minimum of ®(s) is В” when 5 = LA where 


À satisfies the constraint 1 — Р < À < 2. Notice that АР = (u'(m))! - P ab and Bj = 


(v'(n)!- 4 ЬЯ. Therefore we obtain from (3.6) that 


СКТ 2 1/р 
> D EE < p' [Eton ену тра) 
т-іп-і (и(т) + v(n))* m=! 
әд 1/4 
х (Žoao (3.7) 
n-i 


And it is obvious that the equality in (3.7) if and only if (а, }, or (5, is a zero-sequence. 
It remains to need to show that the constant factor. B" in (3.7) is best possible. 


Let à, = (u(m)) € - ^* ӨР (и(т) and. b, = (v(n)) 9 - ^* ӨМ (ym). Assume that 0 


< £ «A — 1) + эр, then 


: - (саи < Y um) ^ Qu (m) = Y my (w (m) a? 
mzl 


1 m=] 
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oa 


= (цуу! ий) + У (um): 7% (m) 


т=2 





< (шуу ий) | udu = 


ERR ТТ. 


43 


Similarly, according to (1.4), (1.5) and (2.1), we have 





‚ (cf. (1.4), (15) апа (2.1)). 





-l~e 
Y > 1 3 4541), 1 
2< Xon ^ v ауе « (v(1)y v'(1) + € E 2) С 2 ім 
Hence Ўт) ^ (um)! - P а = i + O(1) (в -> 0) 
mzl 


Similarly, we һауе Ð (v(n) ^ (v)! 69 =i + Ой). (e > 0) 
n=l 


Е В" is not best possible, then there exists k > 0 and К less than B' such that 


М4 


со оо a.b. Ж Vp f s : И 
La д Ўта) КОЖА) 
с n=! 


2 n=i(u(m) + у(п)) 


n=l 


В Lg es) (є — 0) (3.8) 
On the other hand, we have | | 


Б A 8 S Qum) СР (m) (v(n)) € 9 (у (т) 
ЖАСЫ eva " IL (и(т) + v(n))* 
оо оо yell (у(ууу-@-%+&)/4 


Du (u(x) + у) шэн 
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jp y dii dj tren Pdu 


ar (и + v)* 


oo ос 1 1 (2-Х-ғ8)/4 i 
» | | = йи "ди 
турщ) 0-4) B 


1 j 1 1 шаш 
€ 0-0 | 
з/(/5и(х)) 





I 





where v(1) = X If the lower limit A х of “the integral is replaced by zero, then the 
ux 


resulting error is smaller than (u(x)) 9/0, where œ is positive and independent of ғ. In fact, 
we have 


| i -B 
dS» q a LP Хо E PE УЗи(х) 
p 3 


ач 0 


where В = 1 — (2 — A+ 8). ЕО < е < (A-1) + zp then we may take @ such that 


s 1 9229 t$ -D* q12p) | 1 


q 2p 





Consequently we get 


— hs 
(um) + v 


>> > (В+) 620 (3.9) 


Clearly, when & is small enough, the inequality (3.8) is in contradiction with (3.9). Therefore, 
В" is the best possible value of which the inequality (3.7) keeps valid. 


At last, by substituting the relation (2.1) into (3.7), the inequality (3.1) is yielded after 


45 +1 


simplifications. Clearly, the constant factor ВЛАЕ о is best possible. 


Thus the proof of Theorem is completed. 


G-\4 608] 
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If the denominator (u(m) + v(n))* of the function of the left-hand side of (3.1) is replaced 
by (u(m) + u(n))*, then the following result is attained. 


Theorem 3.2. With the assumptions as Theorem 3.1, if 2, TG) ^ (Gn)? lap < + 
2 т=1 


and Уби) Он) * Je? < 420, then 
=1 






2 со 4 45 1/р 
шы НЫ Эг ос _ e 1-4, 1-рү р 
22-5 = In EPIO (m) «| 
2 . 
= Ид 
х [Zumo] (3.10) 
n=l] А 
\/5 +1 


where the constant factor В*Лп is best possible. And the equality in (3.10) holds if 


2 
and only if (а,), or {b,} is a zero-sequence. 


When À = 1, an extension on (1.3) is obtained basing on (3.1). 


Corollary 3.3. Let a, 20, b, 20, 1+1=1, p2q>1,1- 1 « À € 2, u(x) and 
Р 4 


v(x) be functions defined respectively by (1.4) and (1.5). 


If Y (v(m) Pa? <+ oo and СОЛЫ < 4 co, then 


m-l n=] 
ЎЎ аһ - < mesct / p Loom Рар F Y (un)! bi (3.11) 
m=in=i (u(m) + v(n)) PEE 5+1 ИА = : 
where the constant factor кешр is best possible. 
њм +1 
2 


In particular, for case p — 2, an extension on Hilbert's inequality is gotten. 
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Corollary 3.4. Let {a,} and {b,} be sequences of real numbers 0 « AS 2, u(x) and 
v(x) be functions defined respectively by (1.4) and (1.5). 


If Ў, fom ^ бурт)” | a, <+ co and У (оо) om} 52 <+ оо, then 


msi п=1 


ii pe a 
т=1н=1 541 


1/2 
aay + ne (сн вот) гі 


т 





1/2 
x (Зө ура) (3.12) 
n=l 


where the constant factor is best possible, here B|}, 3) is beta function. 





When A = 1 and p = 2, another extension on Hilbert's inequality is attained. 


Corollary 3.5. Let {a,} and (b,) be sequences of real numbers. u(x) and у(х) be functions 
defined respectively by (1.4) and (1.5). 


Е Ў. wim) a а? <+ œ and У (шп) 12 < + оо, then 


т-1 n=l 


eo со a,b, x - seals " EN IS 
acet m и . А 
2, > ийн У (уту) Gn oi (un): b; (3.13) 


m=1 n=] 





where the constant factor ces сн is best possible, 
4541 
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AN EXTENSION OF THE FUGLEDE-PUTNAM 
THEOREM TO P-HYPONORMAL OPERATORS': 


SALAH MECHERI! 


ABSTRACT : The familiar Fuglede-Pumam Theorem is as follows (see [3], [7] and [8]): If A and 
B are normal operators and if X is an operator such that AX = XB, then АХ = ХВ“, In this paper, 
the hypothesis on A and B can be relaxed by using a Hilbert-Schmidt operator X : Let A be p-hyponormal 
and В” be invertible p-hyponormal such that AX = XB for a Hilbert Schmidt operators X. Then A'X 
= ХВ“. As consequence of this result, we obtain that the range of the generalized derivation induced 
by this class of operators is orthogonal to its kernel. 


Key words : p-hyponormal operator, Hilbert Shmidt class, orthogonality. Fuglede-Putnam theorem. 


1. INTRODUCTION 
Let H be a separable infinite dimensional complex Hilbert space, and let B(H) denote the algebra 


of all bounded operators on Н. For any operator A in B(H) set, as usual, | A | = (A* A)? and 
ГА”, A] = A*A - AA* = |А |? - | А* |7 (the self commutator of A), and consider the following 
standard definitions : A is normal if A'A = АА", hyponormal if A*A — AA‘ > 0, p-hyponormal 
(0« p x 1) if (JA? — |A'[?) > 0, and normaloid if ||A|] = А) (the spectral radius of A). 
Let (N), (HN), (PHN), and (NL) denote the classes constituting of normal, hyponormal, p- 
hyponormal, and normaloid operators These classes are related by proper inclusion : 


(N) c (HN) C (PHN) C (NL). 
Hyponormal operators have been studied by many authors and it is known that hyponormal 
operators have many interesting properties similar to those of normal operators and also p- 


hyponormal operator have been recently studied by many authors (see [1], (6], [16], and [15]). 
The familiar Fvglede-Putnam theorem is as follows (see [3], [7] and [8]) : 


t2000 Mathematics Subject Classification : Primary 47B47, 47А30, 47B20; Secondary 47В10. 
*This work is supported, by the research renter project Мо. Math/2005/04. 


'King Saud University, College of Science, Department of Mathematics, P.O. Box 2455, Riyadh 11451, 
Saudi Arabia, e-mail : mecherisalah@ hotmail.com 
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Theorem 1.1 ҒА and B are normal operators and if X is an operator such that AX = XB, 
then АХ = XB", 

S. K. Berberian [2] relaxes the hypothesis on A and B in Theorem 1.1 as the cost of 
requiring X to be Hilbert-Schmidt class. H. K. Cha [4] showed that the hyponormality in the 
result of Berberian [2] can be replaced by the quasihypo-normality of A and B* under some 
additional conditions. In this paper we will show that the quasihyponormality can be replaced 
by the p-hyponormality of A and В“. Let T € B(H) be compact, and let s,(T) > 5,1) >... 


1 
> 0 denote the singular values of Т, i.e., the eigenvalues of |Т|- (T T)? arranged in their 
decreasing order. The operator Т is said to belong to the Schatten p-class C, if || T], = 


lxi am Ї ш [my Г < о 15 p< оф, where tr denotes the trace functional. Hence 


C,(H) is the trace class, C,(H) is the Hilbert-Schmidt class, and C. is the class of compact 
operators with || T ||, = 5, (D = Sup, rq. 11 Т/ | denoting the usual operator norm, For the general 
theory of the Schatten p-classes the reader is referred to [12], [13]. Let 8 4, p be the generalized 
derivation defined on B(H) by ё , p(X) = АХ — XB. It is clear that ô 4, кс.) C C,. However 
it can also happen that 5, где с, for some X є В(Н)\ C, hence ғап(5, B IC) C ran бав 


N C, and then we also һауе ran(8, 5|C, ) Р c ran бул ҮС, Cp where ()" denotes the 


closure of the C, norm. A. Turnsek [14] asked the following question : When the reverse 
inclusion is possible? In this note we consider the question when 


OC = ---..... 1.1 
гап 4 alc, ) е rand 4 в Пс, ( ) 


Or equivalently, if 6, p(X) € С, then 6, (Х) = Lim, 8, р(Х,), and X, € C, We prove that 
this holds in the case when A is p-hyponormal operator and B' is invertible p-hyponormal 
operator. 


2. MAIN RESULTS 


Lemma 2.1 Let A and B be operators іп B(H) . ҒА and В* are p-hyponormal operators, 
then the operator т: C,H —> С,(Н) defined by v X = АХВ is p-hyponormal. 


Proof. It is known [2] that t'X = А” ХВ" Note that by the uniqueness of the square root of 
a positive operators we have 


ӨЧИХ = [ерк [AIXI E ËX = [e = JAX BT. 
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Thus 
[TPX -TP x = (tP - | e ЭХ = [А РХ Вр [АЖ РХ Вр = 


(JA P^ - | A*Pox | F^ + | A" |7XQ ВР — | Bf). 
Since A and B' are p-hyponormal operators, we have 
1:1-1:) 2 0. 





The following theorem is well known. [m 


Theorem 2.1 Let A be p-hyponormal operator if А € o (A) \ {0}, then A € o(A)) for 
ай X € Н and for all NEC. 


Proof. It is known that the class of p-hyponormal operators is included in the class of normaloid 
operators. It is also known that if A is normaloid, then the nonzero eigenvalues of A are normal 
eigenvalues (ie. if A є o, (A) V (0), then A € o (45). Which complete the proof. [1 


Now we are ready to extend Putnam-Fuglede theorem to p- hyponormal operators. 
Theorem 2.2 Let A be p-hyponormal operator and B' be an invertible p-hyponormal operator 
such that AX = XB for X є С.Н). Then A* X= ХВ". 


Proof. Let Jt be defined on СН) by У = AY B"! for all Y € C,(H). Since В” is p-hyponormal, 
(B")! is also. p-hyponormal (see [9]). Then it follows from Lemma 2.1 that J is invertible 
p-hyponormal, furthermore, ХХ = АХВ"! = X and so, X is an eigenvector of X`. Now by applying 
Theorem 2.1 we get JC " X = А" X(B^)' = X, that is, A' X = XB' and the proof is achieved. 0 


Ás a consequence of the above theorem, we obtain 


Corollary 2.1 [2] Assume that A, B' and X are operators in an Hilbert space H such that 
A, В” are hyponormal operators and AX = X B. Assume also that X is an operator of Hilbert- 
Schmidt class. Then A'X = XB" under either of the following hypothesis 


1. A and В" are hyponormal; 
2. B is invertible and ||A ||.] B7] < 1. 
Proof. 1. Is a simple consequence of the above theorem. 


2 The result of Y. Tong [17] guarantees that the above condition implies that for all 
T € ker(6, , | X (H)), R(T) reduces A, ker(T). reduces B, and A |5; and В aa are 


unitary operators. Take Ж = H = — _ —, H, = Н = ker S © ker S*. According to 
P ! ranS Ө ranS 


the decomposition of апа for A, : JC > Н, A,: Н, > Н, S: Н, — H, we can write 
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A 0 I S 
PN ae B= В, EE pay 
0 A 0 В 0 0 
From AS = SB it follows that A,S = SB, and since A,, B, are unitary operators we obtain 


ALS = SB, and the result holds by the above theorem. The above inequality holds in particular 
if A = B is isometric, in other words || Ax|| = | х)| for all x e Н. 


Theorem 2.3 [11] Let A, В be operators in B(H) and S € C, Then 


84,500 + 184800 188 (2.1) 
and 


18800441 21154, 5 COIB 180 (2.2) 


if and only if 5, (S) =0 = 8 „„ (5, for all X е С.Н). 
Corollary 2.2 Let A, B be operators in B(H) and S € C2. Then 


184.60) + SIÉ = 184,5 COLE +11512 


154.0%) + SI = 1182 в COIÉ +11518 


if and only if either of the following hypothesis hold : 
(1) A and B' hyponormal operators 
(2) В is invertible and || A ||| B^] S 1. 
(3) A, B е B(H) such that | Ax| > |х | 2 | Be || for alx є Ж 
(4) A is p-hyponormal and B' is invertible p-hyponormal. 
(5) A is k-quasihyponormal and В” is invertible k-quasihyponormal. 


Proof. Concerning (1) and (2) it suffices to apply corollary 2.1. For (3) In this case it suffices 
to take A, = || В |" A and B, = || B |F B, then [Ах || > |] x | 2 || B,x || and the result holds 
Бу (2) for all хе H The case (4) follows from Theorem 2.2 and the case (5) follows by 
011), Theorem 2.2) 


Now we will answer the question when 


cereum cL LC 
ran 4. p \с,) 2 rand 4 gno, A 
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Theorem 2.4 ШІ Let A and В be operators in B(H) such that Кегб, , С. Кегб,, „„ Then 


С,(Н) = С,(Н). 


ran(8 4, в \c, (НУ rano, p Пою) 


Corollary 2.3 Let A and B. be operators in B(H). Then 


эзше кнын ыны ao Msc crc eH 
ran( 4 g \c,(H)) 2 ran д. p Пс,(н) 2 ) 


under either of the hypothesis (1) to (5) in the above corollary. 
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À GENERALIZATION OF FUGLEDE-PUTNAM 
THEOREM 


SALAH MECHERI 


ABSTRACT : The equation AX = XB implies A'X = XB' when A and B are normal is known as 
the familiar Fuglede-Putnam theorem. In this paper we show that if А is a dominant operator and В" 
is a log-hyponormal operator or p-hyponormal operator such that AX = XB for some X € B(H), then 
АХ = ХВ“, Also, it is shown that if A is a (p, K)-quasihyponormal operator and B* is a log-hyponormal 
operator оғ p-hyponormal operator such that AX = XB for some X € B(H), then АХ = XB". 


1991 Mathematics Subject Classification : Primary 47B47, 47A30, 47B20; Secondary 47B10. 


Key words and phrases : Fuglede-Putnam theorem, Dominant operator, log-hyponormal operator, 
hyponormal operator, (p, k)-quasihyponormal operator. 


1 INTRODUCTION 


Let H be a separable infinite dimensional complex Hilbert space, and let B(H) denote 
the algebra of all bounded operators on Н. For any operator A in B(H) set, as usual, |A] = 


(A* АР and ТА”, А] = A*A — АА" = |A|? — JA* (the self commutator of A), and consider 
the following standard definitions : A is normal if A'A = AA*, hyponormal if A'A — AA' > 
0, p-hyponormal if (|А)? — |42?) > 0, (0 <р x 1). A is said to be log-hyponormal if A 
is invertible and satisfies the following inequality 


log(A" A) > log(AA"). 


It is known that invertible p-hyponormal operators are log-hyponormal operators but the 
converse is not true [18]. However it is very interesting that we may regards /og-hyponormal 
operators as O-hyponormal operators (18, 19]. The idea of log-hyponormal operator is due to 
Ando [2] and the first paper in which log-hyponormality appeared is [11]. See ПІ, 18, 19, 20] 
for properties of log-hyponormal operators. 

A is said to be p-quasihyponormal if A'((A'AY - (ААУРА > 0 (0< p < 1), (p, k- 
quasihyponormal if А“ ((A*A)? — (ААЖРАК> 0 (0 < p <1, кє N), if p=1,k=1and р 
= К = 1, then A is k-quasihyponormal, p-quasihyponormal and quasihyponormal respectively. 
A is normaloid if [[А|| = r(A) (the spectral radius of A). Let (М), (HN), Q(p), (Q(p, Ю and 
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(NL) denote the classes constiting of normal, hyponormal, p-quasihyponormal, (p, k- 
quasihyponormal, and normaloid operators These classes are related by proper inclusion 
relations 


(№ c (HN) c (Обр) c (Ор, Ю с (NL). 


Ап operator А € B(H) is called dominant by J. С. Stampfli and B. L. Wadhwa [16] 
if, for all complex A, range(A — A) С range(A — А)“, or equivalently, if there is a real number 
М, > 1 such that ||(A — A)’ f ||SM;]|(A — A) Al, for all f € H. If there exists а real number 
M such that М, X M for all A, the dominant operator А is said to be M-hyponormal. A 1- 
hyponormal is hyponormal. Let (D) and (m — H) denote the classes of dominant and M- 
hyponormal operators Then 


(М) C (Н) C (m - Н) с (D). 
The familiar Fuglede-Putnam theorem is as follows (see [4], [10] and [12]) : 
Theorem 1.1. /f A and B normal operators and if X is an operator such that AX — XB, then 
АХ = ХВ“. 


Many mathematicians have extented this theorem for several classes of operators for 
example (see [16], [21]). 


2. MAIN RESULTS 
We will recall some known results which will be used in the sequel. 


Definition 2.1. Given A, B € B(H). We say that the pair (А, B) has (FP)g, the Fuglede-Putnam 
property if AC = CB for some C € B(H), implies A'C = СВ”, 


Theorem 2.1. [8] Let A € B(H) and B € B(K). Then the following assertions are equivalent 
(i) The (A, B) has the property (ЕР)ь р Ky 
(ii) If AC = CB for some C € B(H, К), then ran(C) reduces A, (KerC)* reduces and A| 


B Я 
and JUR are normal operators. 


ran(C) 


Lemma 2.1. [16] Let A be dominant and let М be invariant subspace of A for which Aly 
is normal. Then M reduces А. 


Lemma 2.2. [20] F A is log-hyponormal and M an invariant subspace of A for which Aly 
is normal, then M reduces A. 
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Lemma 2.3. [22] Let A be dominant operator and M be an invariant subspace of M. Then 
Aly is a dominant operator. 


Theorem 2.2. Let A be dominant in B(H) and B' be log-hyponormal or p-hyponormal in B(K) 
such that AC = CB for some С € B(H, К). Then A'C = CB”. 


Proof. The case in which A is dominant and В is log-hyponormal is proved in [21]. Here 
we will give a different proof for log-hyponormal and p-hyponormal. Since ranC is invariant 
under А and (KerC)* is invariant under В“, the operators A, В and C can be written on the 
following decompositions of H and K 


К = (KerC)* Ө (KerC), Н = ranC ® ran 


йе е [5 3 


(ker СУ-Ф (kerC) — ranC O ғапС”. 


as follows : 


Thus from AC - CB we obtain, 

AC = CB, (2.2) 
Let B, = ОВ | be the polar decomposition of B,. We usually define the Aluthge transform 
of B,, by B, - |a, ЛЕ В, = vi B, | and define the second Aluthge transform of B, by 
B, = |У. Since Иб |= (87У, the equality (2.2) becomes 

A,C, = СЙ Ic. (2.3) 
Multiply the two members of (2.3) by 18, É in right we get 

A(C IEE) = ce ЭГ v BÈ. 


В 24 шүлс dui der ) 
Since the second Aluthge transform B, = |В, |? V'|B; |? is hyponormal [21] and A, is 


dominant by Lemma 2.1, the pair (А, |, Br) has the Fuglede-Putnam property by [8]. Therefore 
the restrictions 
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А| and Bi [кес gy 


1 
ran(C,|B |? ) 
are normal operators by Theorem 2.1. Since C, is a one to one mapping with dense range 


and |B; р is а опе to one mapping, it follows that 
DNE ——— —— 
ғал(СЦІВ |^ |) = ran(C,) = ran(C) 


cl 
and ker(C,| Br) = kerC, = kerc. 


Hence B; is normal by [16]. Therefore B, is normal by [17]. Since A, is domonant by Lemma 
2.3 and the restriction A, is normal, ran(C) reduces A Lemma 2.1, similarly, since B" is log- 
hyponormal and the restriction B, is normal, [KerC,}+ reduces B,' by Lemma 2.2. Since the 
pair (A,, Bj) has the Fuglede-Putnam property, А, Сү = C,B,". Which implies that A'C = СВ". 


Now if A is dominant and В” is p-hyponormal We consider two cases : 


Case 1. (2 <р<1) It is known that the Aluthge transform В" is hyponormal. Here 
we don't need the second Aluthge transform of Bi but only the Aluthge transform of B, 


and the proof is the same as the above proof. 


Now concerning the case 2(0 < p S 5» it suffices to take р = р + 3, where 


pels. 1]. It comes back that B; is p-hyponormal and the proof can be achieved by the 
same way as above L1 
Corollary 2.1. А is normal if and only if A is dominant and А” is log-hyponormal or p- 
hyponormal. 


Proof. It suffices to put А = B = C in (24). О 


"Lemma 2.4. [?] Let А € B(H) be (p, k)-quasihyponormal. If M is an invariant subspace for 
A then the restriction of A to M is (p, k)- guasihyponomak 


Theorem 2.3. Let A, B € B(H) be such that À is (p, Ю- -quasihyponormal with © (AM 0] ж 
ф and B* log-hyponormal or p-hyponormal. If AC - CB for some C € В(Н), then À *С = CB*. 
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Proof. Let 0 + Аєо(А)., Let's consider the following decompositions of Н. 
Н = [Ker(A — AD]* 9 Ker(A — AD = (Ker В")! Ө Ker В”. 
Since Ker(A — AI) reduces А, we can write A, B and C as follows 


Hence 

AC = CB implies A,C, = C,B, and АС, = AC,, AC, = СВ). 

Or, equivalently АС, = СВ, C, = C, = 0, and AC, = C4B, 

Let 

AC = СВІ, (2.6) 

where A, is (р, k)-quasihyponormal and B, is log-hyponormal. Let's consider the following 
decompositions 
[Ker(A — AD]- = ran(C,) Ө [гал(Сү}!, (Ker B'): = Ker(C,) Ө [KerC,}-. 


From (2.6), ran(C,) is invariant for A, and КегС, is invariant for В). Accordisng to 


AES ... . ^t ~ed * xul . 
Lemma (2.4) A, is (р, k)-quasihyponormal. Since B, is injective, Bj = |В, |2 О |В,| is also 
injective. Now by the same way as in the proof of the above theorem, we obtain 


АС, = СВ}. 
Непсе 
acs [A 0] се св, 0 
АС; 0 CB 0 
Since 


АС, = CB, 
Al dominant апа В, log-hyponormal, by applying the above theorem we get 
VGH CB. 
Therefore A'C = СВ“. 
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Now if A is (p, E)-quasihyponormal with c (A) \ {0} ж ф and В” p-hyponormal. We 
consider two cases : 


Case 1. G < p € 1). It is known that Ше Aluthge transform В” is hyponormal. Here 


we don't need the second Aluthge transform of B,,', but only the Aluthge transform of В,” 
and the proof is the same as the above proof. 


Now concerning the case 2(0 < р < 5» it suffices to take р = p + 2, where р € 


(2, 1]. It comes back that Bj | is p-hyponormal and the proof сап be achieved by the same 


way as above Which completes the proof. m 
As a consequences of the above theorem we obtáin, 

Corollary 2.2. A is normal if and only if А is (p, k)-quasihyponormel with o (A) \ {0} 

+ ф and В" log-hyponormal. 

Corollary 2.3. Let A, В € B(H) be such that A invertible (p, &)-quas:-hyponormal operator, 


log-hyponormal œ p-hyponormal and В” log-hyponormal, p-hyponormal ог (p, k} 
quasihyponormal inversible. If AC = CB for some C € B(H), then АС = CB’. 


Proof. It is known that an invertible (p, k)-quasihyponormal operator is invertible p-hyponormal 
([15], Lemma 3) and an invertible p-hyponormal is log-hyponormal [18]. Hence the result holds 
by ([21], Theorem 8). L1 


Corollary 2.4. Let A, B € B( Н) be such that А is k-quasihyponormal with o, (A) \ {0} = 
ф and B° log-hyponormal. If АС = CB for some C € B(H), then АС = СВ” 


Corollary 2.5. Let A, В € B(H) be such that A is p-quasihyponormal with o (A) \ (0) » | 
ф and В” log-hyponormal. If АС = CB for some C є B(H), then АС = СВ". 
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COMPOSITION OF ENTIRE AND MEROMORPHIC 
FUNCTIONS AND THEIR GROWTH PROPERTIES 


SANJIB KUMAR DATTA 


ABSTRACT : In the paper we study some growth properties of composite entire and meromorphic 
functions improving some earlier results. An example is given to show that a condition in a theorem 
of the paper is essential. 


AMS subject classification (2000) : 30D35, 30D30. 


Keywords and phrases : Entire function, Meromorphic function, Growth, Order, Hyper Order, Type. 


1. INTRODUCTION AND DEFINITIONS 


For апу two transcendental entire functions f ad g, Clunie [2] proved that 
Ни ED. = lim DD = co, Singh [8] proved some comparative growth properties of 
log T(r, fog) and T(r, f). He [8] also raised the question of investigating the comparative growth 
of log T( fog) and T(z g) which he was unable to solve. However Lahiri [5] proved some 
comparative growth properties of log T(r, fog) and T(r g). In the paper we further investigate 
the results of Singh [8] and Lahiri [5] and prove some theorems on the comparative growths 
of log?! T(r fog) relative to log?! T(z f?) and log?! Т(5 р9) where k = 0, 1, 2, 3, ... under 
different conditions. We also study the growths of log?! T(r fog) with log? T(r foh) for апу 
three entire functions f, 8 and Л. We do not explain the standard notations and definitions of 
the theory of entire and meromorphic functions because those are available in [9] and [4]. 


In the sequel we use the following notation : 
log) x = log(logi*!x) for k = 1, 2, 3, ... and log?x = x. 
The following definitions are well known. 
Definition 1. The order 0; and lower order А; of а meromorphic function f is defined as 


p= limsup 18700? and А,= liminf logT(r.f) 
250. ogr Р Э оо logr 


If f is entire, one can easily verify that 


р, limsup 108 МЛ) md à= liming 1082 MOA 
7 pas n logr 7 r—) со logr 
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Definition 2. The hyper order р; and hyper lower order X y of a meromorphic function f 
is defined as follows : : 


2] - 2] ~ 
By = limsup ОЁ ТО) qup Я, = timing PETON 
32255 logr г. =з logr 


Е fis entire then 


[3] 
` py = limsup log"! Mtr, f) and A, = limint lg МР, 
г — oo lo ogr r- оо logr . 


Definition 3. [6] Let f be a meromorphic function of order zero. Then р” я х, and бу Р A. f 
are defined as follows”: 


p; = limsup 870.) ) = timing ETD 


r— со ЕТТЕГЕ r r— оо log?! 2 


and D; = Шавар METTUS) ша X, = timing 198 Ts) 
eU Г Э со log?! ; ауы у "o 


If f is entire, then clearly 


p; = limsup BMOD д5 — timing log^ Mr) 
d r— оо log! r r — co log"! r 


[3] 3] 
and D; = limsup eer А; = liminf RE MOD. 
r= оо Г- оо 


Definition 4. The type с; of a meromorphic function f is defined as 


| Т, f) 
бут limsup p ,0« р, ee. 
ғ Э оо . 


If f is entire then 


log M(r, f) 


су = limsup ЕГІ 


r— со 


,0<р,< оо, 
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2. LEMMAS 
In this section we present some lemmas which will be needed in the sequel. 


Lemma ІП! /f f is meromorphic and g is entire, for sufficiently large values of r, 


< {1 р 2280 rq 
То; fog) S {1 + 0(1)} log M(r, g) (МО, g), f). 
Lemma 2. Let f be meromorphic and g be transcendental entire such that P= 0 and 
3, < ә, Then pe, < py Dy. 
Proof. In view of Lemma 1 and inequality Т(; g) S logt М(, g) we get 


logT(r, fog) 


ар logr 


Г — оо 


Prog 


logr 


ІЛ 


limsup 
Г —Э со 


[2) 
limsup TOES DD (7.8), f E limsup log" Ме.) Mr, 8) 
roo  log"M(ng) ,-е logr 


ІА 


= prp, 
This proves the lemma. 


3, Theorems. In this section we present the main results of the paper. 
Theorem 1. Let f and g be two entire functions such that (i) Ay > 0, (ii) Py < œ and (iii) 
0 < 3, <р, 
2] А 
Then limsup log" Te fog) Bau eR нра ТА 
r— log" rr, f (9) Ау Pr 


Proof. We know that for r > O([7]) 


T(r fog) 2 5 log MÈME, 8) + 00), Л 2) 


Since X,and А. аге the lower orders of f and g respectively, for given & and for all large 
values of r we ge M(r f) > г and log M(r в) > №, 
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where 0 < £ < min (Ху, А} 


So from (1) we get for all large values of r, 


TG, fog) = FLEM, g) + o()* 


ie,  T(r fog) > Stems, gf 


іе, log Tür fog) 2 ОП) + Ay- 8) (r/4&-€ 

ie, log? 7(; fog) > O(1) + (A, — E) log r 5212) 
Also for a sequence of values of r tending to infinity, 
log? T(r f?) < (A, + 8) log r (3) 


So from (2) and (3) it follows for a sequence of values of r tending to infinity, 


log?! T(r, f?) О., + €)logr 5 


Since &(» 0) is arbitrary, we obtain from (4), 
f log? T(r, fog) . Ae ~ (5) 
г оо logh Tr, fO) А; 


Again from (1) we get for а sequence of values of r tending to infinity, 


log TG fog) 2 00) + Ay- o(2)^ 
ie, log?! Ti, fog) > O(1) + (p, - Е) log r .. (6) 
Also for all large values of r we get 
log?! Т(; f?) < (ру + 6) log r (7) 
So from (6) and (7) it follows for a sequence of values of r tending to infinity, 


log? TG. fog) „ OO + ©, -ogr 


log?! T(r, f) (p, + E)ogr 518) 
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As 0 < Е < р) is arbitrary, we obtain from (8). 


D 
limsup мэ > РЕ . 9) 
ГЭ со log T(r, f ) py 


From (5) and (9) we get, 
limsup Лов T(r, fog) Tr fe og) 2 max Ae Pe : 
r—« log Ty, f (9) 

This proves the theorem. 


Theorem 2. Let f be meromorphic апа g be entire satisfying (i) 0 <А, < Бу, (й) p, <% 
and (iii) py «оо, 


[2] x 
Then liminf Jg Tt, fog) Smm 125 DEL opus) 1, 9%. 
r— log?! rr, f) Ap Py 


Proof. By Lemma 1 and the inequality 7(r, g) S logt М(г g) we obtain for all sufficiently 
large values of r, 


Tür fog) <{1 + 000) TMC g). P 


ie, log Ту fog) S ОП) + (0; + =) log M(z g) ... (10) 
Also for a sequence of values of r tending to infinity, 
log M(r g) < rst ® 2505) 


So from (10) and (11) it follows for a sequence of values of r tending to infinity, 
log TG; fog) < ОП) + (py + £) 0858 
Le, log 0) T(5 fog) < ОП) + A, + €) log г we (12) 
For all large values of r, 


log 27; f?) > (Ау — £) log r ...(13) 


whee 0 < ё < А. 


Now combining (12) and (13) we get for a sequence of values of r tending to infinity, 
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log? Tir, fog) „ 000% 0, v &)ogr 
log?! T(r, 79) (A, — e)logr 


шиш: log TC fog) 24756 


i.e., — : 
гэ ә logIT, (9) |(Ар-6 


As Е (> 0) is arbitrary it follows from above, 


liminf log" T(r, fog) « À 


8 
Xo .. (14) 
г Э о log?! T(r, f 9?) А; 
Again for all sufficiently large values of r we obtain from (10), 
log?! T(r fog) < O(1) + (р, + €)logr .4(15) 
Also for a sequence of values of r tending to infinity and for 0 < в < бу, 
log?! Ti, f?) > (ру — £) log ғ .. (16) 
So from (15) and (16) it follows for a sequence of values of r tending to infinity, 
: log"! T(r, fog) 00) + (P; + €)logr 
i eae ee oe .. (17) 
log! IT(r, ff у (py — €)logr 
Since Е(> 0) is arbitrary we obtain from (17), 
[2] І 
г leg Т(,/04) < Ps _. (18) 


гэ log? rr, f) Ру 


Combining (14) and (18) we obtain, 


ішіп: E FOIE) < min {Ак РЕЈ. 
r— = logh! Tir, 9) 


Thus the theorem is established. 


The following theorem is natural consequence of Theorem 1 and Theorem 2. 


Theorem 3. If f and g be two entire functions with (i) 0 < X, < Бу < o (ii) p, < = and 


(ш) 0 « 3,5 pem 
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Then limit 108 705798) < min AE Pe 
rc log” T(r, f (9) Му Бу 


Е (21 
S max UE € limsup Е 20 
A, Pr г-ә ЮВ ТӨЛ”) 


where k = 0, 1, 2, 3, ... 
Theorem 4. Let f be meromorphic and g be entire with (i) 0 < p, < =, () с, > 0, 
(iii) 0 « Pog < 9 (iv) б. < v and (v) p, « 1. 


Then liming 10:08). 9 
г Э оо Т(г, 8) 





Proof. From the definition of type we have for arbitrary positive € and for all large values 
of r, 


TU; fog) < (Gg, + Әт . (19) 
Also for a sequence of values of r tending to infinity, 
Т; 8) > (o, – Е) P .. (20) 


In view of Lemma 2 from (19) and (20) we obtain for a sequence of values of r tending to 
infinity, 

T + ву?” 2 "T 

(n fog) „ (pg ЕУ! | Opete (07-0, 


. (21 
TC.) ^ (gg |) 9:78 a 


As E(» 0) is arbitrary, in view of condition (v) we obtain from (21) 


ішіп: 105708) _ 
rao T(r, 8) 


This proves the theorem. : 


Remark 1. The condition р; < 1 in Theorem 4 is essential which is evident from the following 
example. 


Example 1. Let f=z and р = е. 


PURO, E rupe ш. 


р,= 0 апа р/- со, 
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Now T(; fog) = Tr 8) = = 


Then liming 105708) _ | 
r — oo T(r, 8) . 
Theorem 5. If f, g and h be three entire functions such (i) 0 < 3,5 p,« es, (й) 0 < A Xp, 
< œ and (iii) 0 < À, « ee. 
А 2 (2] p 
Then 27 < liminf log” Te fog) T(r, fog) < limsup log TV, £08) T(r, fog) 5 s 
h r оо log T(r, foh) r—o log" T(r, foh) h 
Proof. In view of (12) we get for a sequence of values of r tending to infinity, 
log Т(; foh) € O(1) + (A, + €) log r 441122) 
Now from (2) and (22) it follows for a sequence of values of r tending to infinity, . 


log? T(r, foh) О) + (А, + €)logr 


2] À.-E£ 
ie, liming 108770.) , MUS 
г œ log Tr, foh А *€ 


Since e(> 0) is arbitrary we obtain from above, 


(2) x 
liminf log" T(r, fog) „ Ag 


> ФА 
кэ оо log?lT(rfoh) | Ав (29) 


In view of (2) we get for all Jarge values of г, 
log?! Т(; foh) > O(1) + (А, – Е) log к 2. (24) 
Now from (15) and (24) it follows for all sufficiently large values of r, 


log) T(r, foh) | OO) + (Ay, —&)logr' 


As & (> 0) is arbitrary we obtain, 


[2] 
r— ѕо log" T(r, foh) мо лс. 
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Thus the theorem follows from (23) and (25). 


Remark 2. The inequality in Theorem 5 is best possible in the sense that <<” cannot be replaced 
by ‘<’ only as we see from the following example. 


Example 2. Lett f= р =h = e. 
Then Ap= Pp= A, = р = A, = р = 1. 
Now T( fog) = T(r foh) ~ е" / (2л3т) 2, 


[2] (21. 
So  liminf bs 105708) = limsup E T(r, fog) -1 
r— oo log”! T(r, foh) қара log?! T(r, foh) 


А. p 
ажа 4-2 8 = 1. 
An An 


Now the following corollary immediately follows from Theorem 5. 


Corollary 1. In addition to the conditions of Theorem 5 if g is of regular growth i.e., А, = 
Po then 


The next theorem can be carried out in the line of Theorem 3.9 and Theorem 3.10 of 
[3] and so the proof is omitted. 


Theorem 6. Let f be meromorphic and g be entire such that 0 < fog < Бо; < со and 








[2] p" 2 
Then liminf De Tn po 10,158) S min À fog Руов 
г оо log T(r”, g") 








< max Аер Prog « limsup log"! T(r, fog) 
~ кэ оо jog! rir, 609) 


for k = 0, 1, 2, 3, .... 


48 


SANJIB KUMAR DATTA 


REFERENCES 


W. Bergweiler, On the Nevanlinna Characteristic of a composite function, Complex Variables 
10 (1988), pp. 225-236. 


J. Clunie, The composition of entire and meromorphic functions, Mathematical essays dedicated 
to А. J. Macintyre, Ohio University Press (1970), pp. 75-92. 


S. K. Datta, Further growth properties of composite entire and meromorphic functions, Jour. 
Pure Math. 19 (2002), pp. 19-29. 


W. K. Hayman, Meromorphic Functions, The Clarendon Press, Oxford (1964). 


I. Lahiri, Growth of composite integral functions, Indian J. Pure Appl. Math., 20 (9), September 
(1989), pp. 899-907. 


L. Liao and C. C. Yang, On the growth of composite entire functions, Yokohama Math. J. 
Vol. 46 (1999), рр. 97-107. 


K. Niino and C. C. Yang, Some growth relationships on factors of two composite entire 
functions, Factorization Theory of Meromorphic. Functions and Related Topics, Marcel Dekker, 
Inc. (New York and Basel), (1982), pp. 95-99. 


A. P. Singh, Growth of composite entire functions, Kodai Math. J. 8 (1985), pp. 99-102. 


G. Valiron, Lectures on the General Theory of Integral Functions, Chelsea Publishing Company 
(1949). 


Department of Mathematics 
Krishnath College 
Berhampore, Murshidabad 
West Bengal-742101. 


Address for communication : 

25, School Road, Kalianibash 
Barrackpore, P .O.-Nonachandanpukur, 
Dist.- 24 Parganas (North) 

P .S.- Titagarh, 

West Bengal, India 

Pin -743102. 


Jour. Pure Math., Vol. 21, 2004, pp. 49-54 


RELATION BETWEEN FUZZY BILINER FORMS AND 
BOUNDED LINEAR OPERATORS 


М. В. Das & К. К. Misra 


ABSTRACT. In this paper we have introduced fuzzy bounded bilinear form on fuzzy normed linear 
spaces. Relations between fuzzy bounded bilinear forms and bounded linear operators are also established. 


Key Words. Fuzzy normed linear space, fuzzy bilinear form, bounded linear operator, fuzzy bounded 
bilinear form. 


1. PRELIMINARIES. 


In this section, we recall some basic definitions and results useful in the sequel. For 
details, we refer to [2],[4],[5],[6] 


Definition 1.1. [6] A fuzzy real number 1) is a fuzzy set on IR, the set of real numbers, i.e. 
а mapping тү: JR — I = [0, 1] associating with each real number / its grade of membership 
n). 

Definition 1.2. [6] A fuzzy real number т is called convex if n(t) 2 n(s) ^ m(r) = min(m(s), 
n() where s St <r. 

Definition 1.3. [6] A fuzzy real number 1) is called normal if there exists t, € IR such that 
04) 21. 

Definition 1.4. [6] The a-level set of a fuzzy real number y denoted by [n], , 020 S 1 
is defined as [n], = {t : 100 2 о). 

Definition 1.5. [6] A fuzzy real number 1) is called upper semi-continuous if for ай е > 0, 
т! (0, a+ €] for all a € J is open in the usual topology of JR. 


Remark 1.6. [6] It can be easily seen that the o-level set [1], of an upper semi-continuous, 
normal, convex, fuzzy real number 1), for each о, 0 < а 51 is a closed interval [а°, b°], 
where a“ = —со and Б = оо are also admissible. The set of all upper semi-continuous, normal, 
convex, fuzzy real numbers is denoted by /R(J). 


Since each ғ € ІК can be considered as a fuzzy real г defmed by r() =1lif t=r 
and: r (f) = 0 if t z r. IR can be embedded in IR(I) 
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Definition 1.7. [6] A fuzzy real number 7 is called non-negative if т() = 0 for all 4 < 0. 
The set of all non-negative fuzzy real numbers is denoted by IR'(I) 


Definition 1.8. [5] The arithmetic operations +, — and / on /К() x IR(I) are defined by 
(i) (n, Ө m) (0 = sup min(n,(s) n,(- s), t € IR 
s € IR 
(ii) (n, 8 nA = sup min (n), n – 03 є IR 
s € IR 


(ii) (1, Ө 1),10) = sup min (M, (5), m, (t / s )),t € IR 
s € IR 
5 #0 


Gv) (1, /1,)0) = sup min (n, (15) 1, (5), t € IR 
s € IR 


The additive and multiplicative identities in IR(I) are 0 and 1 respeccively where 0 (0 =l 
if ¢ =O and 0 (f) =0 т #0; І =1 if t = 1 and 10-01 t# 1. 
Definition 1.9. [6] Let т be a fuzzy real number. The absolute value | т | of the fuzzy real 
number y is defined by |n | (D = max (n (0, NC) ) if- t > 0 and |n] (0 = O if г< O. 
Definition 1.10. [4] Let X be a linear space over the field ZR. Let ||.]| : X — IR* (I) be 
a mapping and let the mappings 1, R : [0, 1] x [0, 1] — (0, 1] be symmetric, non-decreasing 
in both arguments and satisfy L(0, 0) = 0 and R(l, 1) 41. 
Write ПЕЛА -Ї х 4 for x e X, œ € (0, 1] and suppose foz all x € X, x # 0, 
there exists 0, € (0, 1] (independent of x) such that for alas о, 
(A) 1 х «өө 
(B) inf х » 0 
The quadruple (X, ||. |, L, R) is called a fuzzy normed linear space апа |. | a fuzzy norm, 
i (i) |х|- 0 if and only if x = 0 
ш) |х|-|”|П|хфрхе X,re IR 
Gii) for all x, y € X 
@ Wheneve s ХЇЇ е «ПУП, аз 544 Siilx+ylll | x »K s+ 02 
(ES EOT BARO) 
© Whenever ғ 2||х||1, 12 УІІ. ands +£ 2 Фу | x €» s* ns 
(EFRON у] © 
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Remark 1.11. In the sequel, we take L (x, y) = min (x, y) and R (x, y) = max (x, y) for x, 
y € (0, 1], in this case we write (X, ||. ||), or simply X for (X, ||. |, 1, R). 

Proposition 1.11. [4] In a fuzzy normed linear space (X, ||. ||, min, max) the triangular inequality 
(iii) of definition 1.10 is equivalent to | x+ y| sf x] «ll у] 


Definition 1.13. [2] Let (X, || . ||) and (У, |. 1) be two fuzzy normed linear spaces and 
F: X — Y be a linear map from X into Y. Then F is said to be bounded in a fuzzy subset 
A of X if for some М> 0, | FG) |, < M for all x e X with A(x) > 0 


Proposition 1.14. [2] Let (X, ||. ||) and (Y, ||. ||) be two fuzzy normed linear spaces and 
Е: X Y be a linear map. The following conditions are equivalent : 

(1) F is bounded іп S, (r, 0) (x) for some r > 0, ас(0, 1], where S, (г, 0) is a fuzzy 
subset of X defined by S, (5 0) (x) = a if and only if ||| € r and S, (r, 0) (x) = 0 otherwise. 

(1) F is continuous at 0. | 

(iii) F is continuous on X. 

(iv) F is uniformly continuous on X. 

(у) | F @ | < BO] x | for all x e X and some В > 0 
Definition 1.15 [2] Let X, Y be two vector spaces over the field of reals JR . A mapping 


B: Xx Y— IR' (I) is called a fuzzy bilinear form if and only if the following conditions 
hold : 


For х, у ғ 0, о, В є JR, 
(i) Blax, + Bx, y) = aB(x, у) Ө BB, y) 
(ii) В(х ay, + By) = aB(x, y) 9 BBG, y,) and 
(ш) B (x, y) = 0 if at least one of x and y is zero. 


Definition 1.16. [2] The two vector spaces X and Y over the field of reals /К are said to form 
a duel pair « X, Y > under the fuzzy bilinear form B (x, y) if the following conditions hold : 


(i) B:X x Y — ІК" (D is a fuzzy bilinear form. 
(ii) If for some x € X, B(x, y) = 0 for all уе Y, then x = 0. 
(iii) If for some y € Y, B(x, y) = 0 for all хе X, then y = 0. 


2. MAIN RESULTS. 


Definition 2.1. Let X and Y be two fuzzy normed linear spaces and B : X x Y > IR" (1) be 
а fuzzy bilinear form. Then B is said to be fuzzy bounded bilinear form if | B(u,v)| < d O 
llu | Of > || for some 4>0,ие X, ve Y. 
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Proposition 2.2. Let X and Y be two fuzzy normed linear spaces. Let р: Y — IR'(I) defined 
by P(Av) = Sup | В(и, Ау) |, u, v € X, where A : X Y is a bounded linear operator and 
B: Хх Y — IR'(I) is a bilinear from where X and Y form a duel pair. Then p is a fuzzy 
norm on Y. | 

Proof. For all и, v € X, u # 0, v # 0, there exists a, € (0, 1] independent of и, v such 
that for all a S о, 


(A) lll pXAvyIb^ < = 


(B) inf |||p(Av)l? > 0 
For, uve X 
@ р (А) = О = Sup| В (u, Av) | = 0 
х (0) = 1 
=> [| В(и, Ау) | “= 0 & (| Bt, Av) [^ - 0 
= В (и, Ау) = О for all и such that | u || (1) = 1 
= Ау = 0 since и ж 0 
Also, Av = 0=› В (и, Ау) = О for all и such that f и || (1) = 1 
=> [| В(и, Ау) |],® = 0 and [| BG, Ау) 4-0 
= Sup| B (u, Ау) | = О 
14:10) 1 
= р(Ау) = О 


Thus, р (44) -0 if and only if Av = 0 
(ii) p (ғ Av) = Sup | В (и, rAv) |, r e IR 
1410)-1 

= Sup | rB (и, Av) | 
1410) =1 
= Sup | r || В(и, Ау)1 
lulas: 
=| r| Sup | B (u, Ау) | 
х 10 =1 
= | r| p^) 
(ili) for, и, v, v, Є X : 
P(Av,+Av)=Sup| B (m, AV «Ау, | 
1410) -1 | 
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= бир | B (u, Av) ӨВ (u, А у.) | 
іа 0) = 1 
S Sup | В (и, Ау) | ® Sup | В (и, Av) | 
Га = 1 ви =1 
=P (A v) ФР (А v) 
Thus, p is a fuzzy norm on Y. 


Proposition 2.3. Let X and Y be two fuzzy normed linear spaces and let В: X : x Y — R'(I) 
be a fuzzy bilinear form, « X, Y » be a dual pair. Then there exists a one to one correspondences 
between fuzzy bounded bilinear form а: X x X — R'(I) and the linear operator A : X > Y 


which is bounded with respect to fuzzy norm defined by | Av] = Sup | B(u, Av)| 
14102) = 

Proof. Let A : X — Y be linear and bounded, 

We set a(u, v) = B(u, Av) 

Now for some constant М > 0, N > 0 

|айшу)| = |В(ш, А»)|< МӨ| | ӨГ Ay | 

< Мо|и| © NO] vil 

моле |и[ ©] у | since A is bounded. 


This implies that a is bounded. 
Also for a, By 8€ В,шуж0 
(i) a(ou,+ Pu, v) = B(au, + Bu, Av) 
a B (и, Av) ® D B (и, Av) 
аа (и у) Ө Ba (u,, v) 
(ii) a (Qu Y v, + 89 v) = В (и, А (үу, буу) 
= В (и, ҮАу, + 6Av)) 
= YB (и, Av) Ө 6 B(u, Ау.) 
= үа (и у) Өбабшу,) 
(iii) Since а (и, 7 = В (и, Ау) апі B isa н form so 
а (и, у) = if and опу if В (и, Ау) = 
That із, а (и, v) = О if at least опе оѓ и and v is zero. 
Thus a is a сЕ bilinear form which is bounded also. 
Conversely, let а: X x X — В” (I) is fuzzy bilinear and bounded. 
Set a (и, v) = B (и, Av) 
We need to show that А: X — Y is a bounded linear map. 
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alu, оу + B v) = о alu, у) ӨӨ alu, v) 


=> Bu, A (av + B V) = a B (и, Av) ® B B (u, Ау) = В (и, оду + В Ау.) 
= А (av +p v) =a Ау + В А, 


This implies that A is linear. 
Also, | В (и, Av) | -| a (u, v)| < ko [| uf © | v || for some k > 0. 


=> Sup| B(u, Av)| < ко [> | 


| «10)-1 


=> [ Avg s ko] v || 
ш» А is bounded. 


Thus, A is linear and bounded. 


CONCLUSION 


We have Shown that it is possible to establish a relation between fuzzy bounded bilinear 


forms, with bounded linear operators on fuzzy normed linear spaces. With continued effort 
on research in fuzzy bilinear form we would enrich the theory of bilinear form. 
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SOME FIXED POINT THEOREMS IN FUZZY 
METRIC SPACES 


Skua $АППА (BORDOLOYE) 


ABSTRACT : In this paper, two fixed point theorems, one in complete fuzzy metric space and other 
in fuzzy metric space have been proved in fuzzy structure. Boyd and Wong (for the Ist theorem), Sehgal 
(for the 2nd theorem) had obtained these two fixed-point theorems in the classical structure of functional 
analysis, The transformation has been done in the sense of Kaleva and Seikkala. 


Key words : Fuzzy metric space, complete fuzzy metric space. 


AMS CLASSIFICATION 1991 : 47H10,54H25 


1. INTRODUCTION 


Іп 1984, Kaleva О. and Seikkala 59! generalized the notion of the metric space by setting 
the distance betwecn two points to be a non-negative number which seemed to be a more 
natural way to define the fuzzy metric space. They defined ordering and triangular inequality 
and also developed the notion of fuzzy metric space, its properties and gave some examples. 
They proved some fixed point theorems in fuzzy metric spaces. Adhering to the step of Kaleva 
and Seikkala, many researchers have been doing works on fuzzy metric spaces and fuzzy normed 
linear spaces. The works of Sharma!!!!, Das and Basu", Badard!!!, Bose and Ѕаһапі?!, C. FelbinP! 
and Jung, Cho and Kim are worth mentioning. Here, we have proved two fixed point theorems 
which are fuzzy annlogue of fixed point theorems obtained by Boyd and Wong and by Sehgal 
in metric spaces of classical structure. 


2. PRELIMINARIES 


А fuzzy number is a fuzzy subset of real numbers і.е. a mapping х: R — [0, 1] associating 
each real number ¢ with its grade of membership х(0. 


А fuzzy number x is convex if x(t) > min (x(s), x(r) where s S f <r 


Definition 2.1 For a о with 0 < a < 1, the a level set of a fuzzy nwnber x as [x], is defined 
by [x], z(£ : x(0 > о). 


А fuzzy number is convex iff Ив 0-1еуе! sets are convex sets іп R. 
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A fuzzy number x is called normal if there exists a г е Е such that x(£) = 1 The 
set of all upper semi continuous convex normal fuzzy numbers are denoted by E. For any 
x € E, фе a-level set is defined by 


[x], = 14% 69), 0< asi 
The values a? = ~ œ and Б® = œ are admissible. 


Ш 
х 


Each x е К сап be represented by the fuzzy number x defined by x(f)- 1 if t 
| x() = 01; 


1 
м 


then x € E. 
Deffinition 2.2 A fuzzy number x is called non-negative if x(t) = 0 for all г< 0. С denotes 
the set of all non-negative fuzzy numbers of Е. 


Lemma 2.1. [9] Let (45, b^], O < a < 1, be a given family of non empty intervals. 
f (а) [a™, Б] 2 [a®, ро] for all 0 < a, 5, 
and (b)[ lim a^, lim 6%] = [a% Б] 

К — со k — со 


Whenever (0,) is an increasing sequence in (0, 1] converging to 0, then the family 
(а% D^] represents the a-level sets of a fuzzy number x in Ё. 


Conversely, if (а% b^], 0 < œ < 1 are the a-level sets of a fuzzy number x е E, then 
the conditions (a) and (b) are satisfied. 


Definition 2.3 [9] Let X be a non empty set, d be a mapping from X x X into G and let 
the mappings L, R : (0, 1] x (0, 1] — (0, 1] be symmetric, non decreasing in both arguments 
and satisfy 10, 0) = 0 and К(1, 1) = 1. 


Denote 
(ас, X), = (А, y» р, (5 У)] fr xy € XandO< asl, 
The quadruple (X, d, L, R) is called a fuzzy metric space and d a fuzzy metric if 
(i) 45 y) = 0 iffx =y 
(1) Жо, у) = dy x) for all x y e X 
(iii) For all x y z e X 
(1) Жо y) (s + 2) 2 1440, z) (5), d(z, y) (0) whenever 
55Х(% z) t S Az y) and s € t SAG y) 
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(2) 40, y) (s + 0 < REG 2) (s), dz y) (0) whenever 
s > МО» z) 2A(z y) and 541216, y) 

Lemma 2.2. and lemma 2.3. [9] The triangle inequalities (iii)(2) and (iii(1) with R = Max 
and L = Min respectively are equivalent to the triangle inequalities 

р(х, у) S р(х, 2 + p,(% у) for all а €(0, 1] and x, yz € X 
and 

A y) S AG z) + А (2 y) for all а є(0, I] and x yz € X 
Definition 2.4 [9] Let (X, а, L, К) be a fuzzy metric space. A sequence (x,) in X is said 


to be converged to x € X denoted by lim x,=xif lim a@*=atand lim 2° = 
П оо n Э со n- o 


b* for all œ €(0, 1] where [х], = [a,*, 54) and [x], = [a?, b°]. 
Definition 2.5 [9] Let (X, 4, 1, К] be a fuzzy metric space. A sequence {x,} is said to be 
converged to x € X denoted by lim x, =x if lim dœ, x) = 0. 
n= со п Э со 

Lemma 2.3. [5] A sequencc (x,) in а fuzzy metric space (X, d, L, К) converges to хє X 
iff lim р(х, x) = 0 for all о є(0, 1]. 

П Э со 
Defition 2.6 [9] A sequence (x,) in a fuzzy metric space (X, а, L, К) is called a Cauchy sequence 
f lim dx, x)= 0. 

m — со 

n — со 
Lemma 2.4. [5] A sequence (х,) in a fuzzy metric space (X, 4, L, К) is called a Cauchy sequence 
iff lim р(х, x) = 0. 


т- со 
n — оо 


Defition 2.7 [9] A fuzzy metric space X is called complete if each cauchy sequence in X 
converges in X. 


Example 2.1. [9] Let {А}, be two families of pseudometrics on а non empty set X such 
that for all (x, y) € X x X, AG y) < р(х у), A (x, y) is left continuous and non decreasing 
in & and р (х, y) is left continuous and non increasing in 0. If furthermore, the family {р} 
is saturated, i.e. if p.e у) = 0 for all & €(0, 1] then x = y then the equation 


(ах, УЛ, = D. G5 y) р„(% y)] for all а е(0, 1] and x y є X 
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defines a fuzzy metric d : X x X — G which satisfies the triangle inequality 
d(x, y) Sd(x, 2) + dz y forall x; y z e X. 


That the equation defines a fuzzy number follows from lemma 2.1 [9]. If the family 
is given then we may choose, À o у)= р(х, y). 


Remark 2.1. [9] If the fuzzy distances d(x, y) in fuzzy metric space (X, d, L, Max) satisfy 
lim а(х, y) (f) = 0 for all x, y € X, then р(х, y) < e forall ое (0, 11. 
1-9 


Proposition 2.1 [8] Let (X, d, L, Мах) be two complete fuzzy metric spaces such that lim (х, у) 
t= 

(0 =0 for all x, y € X, i= 1, 2. Let f: X, — X, be a closed continuous mapping and let 

ф:ЛХ)-> (-, =] be a proper lower semi continuous function, bounded from below. Assume 


that for each и е X, with ini Ф000) < ид, there exists v € X, such that u жу and 
хєХ, 
тах{р (и, у), р, QU), f) S 6 (Ки) - Ф (КУ) for all о. е(0, 1]. 


3. MAIN RESULTS 


Here, we will prove two fixed point theorems which are fuzzy analogues of fixed point theorems 
done by Boyd and Wong (the first theorem) and Sahgal (the second theorem) in the classical 
analysis. Throughout the part, X denotes fuzzy metric space (X, d, L, Max) with lim d(x, 
y) (f = 0, for all x y e X. add 


lim d(x, у) ( = 0 follows that р(х, ,y) < = for all a €(0, 1]. We recall that р(х, 
noo 
y) is the right end point of the a-level interval of d(x, y) and р(х, y) is non-increasing and 
left continuous іп О. 
Theorem 3.1. Let T be a self-mapping on a complete fuzzy metric space (X, d, L, Max). Suppose, 
there exists a function Ф, upper semi continuous from right from К+ into itself such that 
о.(Тх, Ty) € ф (Pœ y)) for all a е(0, 1] and for all x, y € X. 
If o(t) < t for each t > 0, then T has a unique fixed point & in X and for every x in 
X lim Pee 5 


noo 
Proof : Let for any x € X, x, = T'x So we have a sequence {7" x} = {x,} in X. 
Let p, Gc, x, , ) = (02, for all а е(0, 1] 


ntl 


So (p), = р(х„ x,, 9 = р.(Т» x'* ') for all а е(0, 1]. 
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Since d is a fuzzy metric on X, so we can assume that (р), > 0 for all о €(0, 1] and 
for n 20. 


Then for n » 1, we have 


(p, = p,Ux, p Tx) S Oa (x, XD = (0, ,,< ((p, Da for all a € (0, 1]. Therefore 
(p,) is a convergent sequence. Let [lim рД, 50, for all a е(0, 1]. 


Neo 
Then (Paa < PEP,- Dal 
= [lim Ppl < Ф [lim p, jl, 
Th} оо noo 
= (0), € q[(p),] for all о є(0, 1]; which is a contradiction to q[(p),] < (p), for p » 0. 
Therefore (p), = 0 for all œ level sets in (0, 1]. 


Now, to prove the theorem we have to show that {Т"х} = {x,} is a Cauchy sequence. 
On the contrary, we assume that (х,) is not a Cauchy sequence. Then there exists е > 0 and 
for each positive integer z, there exists p(z) and q(z) with z S p(z) « q(z) such that 
P,(p(z), 42) 2 € 


Thus we can have many integers satisfying the above inequality. So, without loss of 
generality we can assume that q(z) is the smallest of all those integers greater than p(z) which 
satishes the above inequality. 


Let р(х 


ar X 9) = г, for all œ level sets in (0, 1]. 


Then we have 
е < E « р(х, ор X ip - + P a. р X o) for all œ е(0, 1] 
<е- Das for all ae (0, 1] 
This implies lim r = € 
2 (^ 
Also we have 
EST, S DA COM Xs ) + Pao + р Хз +) + P o. Y X» for all a е(0, 1] 
ie e $ n S (Qu, * eo) + (Ps for all a Є(0, 1] 


-when 2 — оо, then € € ф(є) for all œ €(0, 1] which is a contradiction. Therefore our 
assumption is wrong and hence the sequence {x,} or (7"x) is a Cauchy sequence in X. Since 
(X, d, І, Max) is complete fuzzy metric space, so, (7"x) must be a convergent sequence. 


Let (Тех) converges to a point 65 (say) of X That is, lim Тх- & 


noo 
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Now, we have to show that 5 is a fixed point of T ie. TE = Ё. 
р,(Т6, 5) < p,(T& Tx) + p, (Tx, 5) for ай о €(0, 1] 
or, р.(76, 5) S p,(T& Тх, |) + p, (Tx, 5) for all œ €(0, 1] 
< тір, x, D) + р.х, E) for all a є(0, 1] 
When n -> о, then the expression in the right hand side tends to 0. 
Therefore, p,(T& 5) = 0 
ie. ТЕ = 6. Therefore 6 is a fixed point of T. 
If possible, let there be another such fixed point n in X such that Ty = 1. 
Now p,(5 n) = Pp (TE 10) < Фір,(6, n)} for ай а е(0, 1]. 
This implies, p,(& n) = 0 for all о е(0, 1]. 
Hence ТЕ = Ё is the unique fixed point of T. This completes the proof of the theorem. 


Theorem 3.2. Let (X, d, І, Max) be a fuzzy metric space and T : X — X be a continuous 
mapping such that for all x, y in X with х жу, we have for all a-level sets іп (0, 17. 


р,(Тх, Ty) < тах(р,(х, Tx), Pœ Ty), р(х, у)} 


Supposing that for some z in X, the sequence (T"z) has a cluster point © Then the sequence 
(T'z] converges to 6 of X and 6 is the unique fixed point of T. 


Proof : Given that T is a continuous mapping in a fuzzy metric space (X, d, L, Max). Let 
for some non-negative integer n and for some z € X, we have | 


Tz = Т = T"); = ..., and therefore lim Т = 6 


nw 


Or, lim p,(7"z, 5) = 0 for all о е(0, 1]. 
А no 


Then TE = T lim [z= lim T Tz = lim T"* 'z = 5 and 5 is a fixed point of T. To 


п-Э% n пЭ 
prove that 5 is a unique fixed point, let there be another point n in X such that lim Т? = 
neo 
n and Тп = 1. 
p,(& 1) = PTS Tn) < тахір, (6, TO, р,(1 Tn), p,(& 10) 
= тах (0, 0, р,(0, 1)) 
That implies, р,(5, n) = 0 for all a е(0, 1] 
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Therefore, 5 = т and € is the unique fixed point of T. 


Now, we will prove that for all non-negative integer п and z € X, lim Те = 6 and 
п-Э се 


E is unique. 
Assuming that for all non negative л, p,(T'z, T"* 'z) > 0 for all о е(0, 1]. 


Now, we define a function U(y) = р (у, Ty) for all y € X and for all о €(0, 1]. О is 
continuous because for any sequence {у } in X converging to y of X, we have Ty, — Ty. 


And U(y) = p, (v, Ту) for all а e(0, 1] 


lim Шу) = lim р.(у, Ту) for all о е(0, 1] 
Ун Эу шады, 


= | li : 
pal lim Oy Тур) 


p,0, Ty) for ай a е(0, 1] 

0) | 

Also, 

U(T"- 1) - (ТӘ = p(T- 'z, T T'-'z2) - р (Та, T Tz) for all a €(0, 1] 


Moreover, 

p(T T'*'z) < max{p (T 'z Та), p,(T"z T+ 2, p,(T"- 'z T"z)) 
< P(T" 'z Mz) for all ає(0, 1] 

i.e. U(T'z) < U(T"- 2) for all non-negative values of л. 

Proceeding in this way we have 

U(T"z2) < U(T"- 'z) < U(T^-2 < .. < U(Pz = z) for 20. 


Therefore (U(T"z)) is a convergent sequence and let lim U(T'z) = к 


nyo 


Also let {л } be a sequence of positive integers such that lim T"z = 6. 
+ шэ 


Then we have U(E) = U( lim Т") 
ne 


U( lim T^*!z) 


ne 


li 
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U( lim TT"z) 


H= 


U(T lim T"z) 


n% 


U(T E) 


Again, U(TE) = U(T lim T"z) 


neo 


UT lim T^*lz) 


nj o 


UIT lm Т”) 


п, Э 


П 


ІІ" lim T*z) 


п, Эх 


U(TT lim Т") 
n, 


ЛА 


= U(lim Т for n> n, 
п-эсо 


I 


lim U(T"z) 


=r 
So, UG) = UTS = т 


Now, for all œ Є(0, 1], we have 

PATE © =p TE, Да T^z) 
= PATE, lim pu 
= BAT, lim 7%) 


But, р,(75, T(T"2)) < max(p,(&, TE), p(T^z, T^*'z), p.(& T^z)) for all о є(0, 1] 
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on lim p(T, T(T"z) < lim шах, TE, pT^z, ТЭ"), р.б, Т") 


ог, p,(TE, lim Tz) S шах(р,б, T£, рб lim Тт, lim. T^*lz), e, G. и T"z)| 


Therefore, p TE, O < тах{р (6, TO, 0, p6 9] 
іе. p(T & 5) < max(p,(& ТӘ, 0, 0) 
ie. р (75, 6) = 0 for @є(0, 1] 
ie TE = E. 


Therefore, r = lim U(T"z) 


n9 


= lim p,(T"z, 7"* 12) for all a €(0, 1] 
n-—2o 


= since E= ТЕ 
Now to prove that the sequence (T"z) converges to Ё. Given € > 0, there exists a positive 
integer k such that 


max(U(T*z) U(T*z 5))) < € for all positive integer n > k. 
Now, for all 0 €(0, 1] 
p(T 5) = p,(T'z, 79 
PATT z TES} 
max (p.(7-e Tz), pT 6$ TO, p(T & TE 
max (U(T"z), 0, p,(T'z &) 
іе. Q,(T'z E) < max ИЛТ”) p (Tz Ё)} 
ie. p,("z 5) < max [U(T?z)) p (Tz 5) for all ae (0, 1] 


^ 


so for k Sn 
pT'z E) < max (U(T'z) p,(Tz &} for all ае (0, 1] 
«€ 
Therefore, lim p,("z 5) = 0 for all а €(0, 1] and this completes the proof of the 
л оо 


theorem. 
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PSEUDO ALGEBRAIC HOMEOMORPHISM 
М. R. Das AND С. С. ПЕКА 


ABSTRACT : Notions of Pseudo algebraic spaces are introduced and studied in [1,4]. This paper is 
a continuation of the study concerning Pseudo algebraic homeomorphism and its p-Kernel with some 
of their basic properties. Finally Pseudo inverse of a set with the help of a Pseudo algebraic function 
on Pseudo algebraic space is introduced. 


Key words : Pseudo topological space, Pseudo algebraic space, Pseudo algebraic homeomorphism, 
Pseudo open map, Pseudo continuous map, Pseudo Kernel and Pseudo inverse. 


1. INTRODUCTION 


Introducing notion of Pseudo algebraic structure, some of its basic properties are developed 
in [1] and [4]. In this note, notion of Pseudo homeomorphism and its p-Kernel are introduced. 
Notions of Pseudo universes are developed on p-a space. Topological behaviour and normal 
character of the p-Kernel are established. 


2. PRELIMINARIES 


We have reproduced some notion of Pseudo algebraic structure from [1] & [4] for easy 
understanding of the materials incorporated in subsequent sections. 


Definition 2.1: Let X be a non-empty set and T a class of subsets of X such that 
ij) ХеТ; 
ii) there exists ап A, € T such that A, C А for every Ae Т; 
and iii) the intersection of a finite collection of members of Т is a member of T. 


The class T is called a Pseudo topology and the pair (X, T) is called a p-topological 
space. Where there is no scope for confusion, X may be simply called p-topological space. 
The members of T are called p-open sets іп X. A set A, is called a minimal p-open set. 
Uniqueness of A, is already established in [1] and [4]. 


Example 2.1 : A topological space is а p-topological space. The null set $ is the minimal 
p-open set. 
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Example 2.2 : A group is a p-topological space. The class of all subgroups of the group may 
be taken as а p-topology with the identity subgroup as the minimal p-open set. 


3. PSEUDO ALGEBRAIC SPACES 


Now we define a р-а space which is based on action of mapping œ : œ x P* — P (Р" is 
the power set of: X) upon the subsets of X. 


Definition 3.1 : A p-topological space (X, T) is said to have a Pseudo algebraic structure (p- 
а structure) if there exists a Pseudo algebraic function (p-a function), 


a: Р x P + P* (P* is the power set of X) 

satisfying the following conditions : 

) a (о (A, B) С) = a (А, a (B, С), (А, B, C e P) 

i) о (A, B) e T if a (А, В) = (с (B, А), (А, Ве T) 

ш) if A, C A, B, СВ, then о (А, В) с a (A, B) 

іу) & (А, A) = о (A, Aj), (A € P' and A, is the minimal p-open set). 

The triplet (X, T, о) is called a Pseudo algebraic structure (p-a structure). 

Example 3.1 : A topological space (X, T) is р-а space where о (A, В) = A U B. 


Example 3.2 : A group G with the usual p-topology T is а р-а space where а (A, B) = AB 
(AB means usual product of complexes A and B). 

Definition 3.2 : A subset A іп a p-a space (X, T, о) is called а p-normal subset if a (A, Y) 
=a(¥ А), VÝ EP. 


Definition 3.3 : The p-topology T of a р-а space (X, Т, о) is said to be p-normal if every 
p-open set is p-normal and in this case, the р-а space (X, Т, о) is said to be p-normal space. 


4. PSEUDO CONTINUITY 


Definition 4.1 : Let (X, Т) and (Y, Т”) be two p-topological spaces and f be a mapping from 
X to Y. We say that the mapping fis p-continuous if f^! (A) е T whenever А” е Т” and is 
called p-open if f (A) е Т” whenever А є T. 


Proposition 4.1 : Let (X, Т) and (Y, T") be two p-topological spaces with the minimal p-open 
sets A, and А," respectively. © 
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Then (i) fis p-continuous — f (A) С A, 
(i) fis p-open and p-continuous = f (A) = A. 
Proof : (i) If f is p-continuous, then f~ (Aj) is p-open subset of X and so A, C f^! (Aj) 
and hence, f (A) c ff^! (Aj) с Aj. 


Gi) If in addition to continuity f is also p-open, then f (Aj) is a p-open subset of Y and 
so A, C f(A) This together with (i) proves that f (A) = Ас. 


5. PSEUDO ALGEBRAIC HOMEOMORPHISM 


Definition 5.1. A map f : (X, T, о) (Y, Т”, B) from a p-a space (X, T, а) into p-a space 
` (Y, T*, B) is said to be a р-а homeomorphism if 


i fis both p-open and p-continuous map 
i) f (a (А, B) = B CF (A) f (B) (А, B є РУ 
and i) a (f- (A), FB = / (B (А", ВЭ) (4, B e Р”) 


6. SOME TOPOLOGICAL PROPERTIES OF PSEUDO 
ALGEBRAIC HOMEOMORPHISM 


Concerning p-a homeomorphism we have, 


Proposition 6.1. A p-a homeomorphism maps the minimal p-open set onto the minimal p- 
open set. 


Proof : Let f : (X, T, о) — (Y, Т”, B) bea р-а homeomorphism from р-а space X onto p- 
a space Y. Let A, and A,” be the minimal elements of X and Y respectively. 

A, Gf" (A), so f (А) C f£ f^! (Aj) C Aj. Also A, c f (A) 

Hence f (A) = Ас. 
Proposition 6.2. A p-a homeomorphism maps a p-normal p-open set onto a p-normal p-open 


set. 


Proof : Let f : (X, T, о) — (Y, Т”, B) be a р-а homeomorphism from one р-а space (X, T, 
а) to another p-a space (Y, Т”, B), Let A be a p-normal p-open subset of X. Then f (А) is 
a p-normal p-open subset of Y. 


Let М be any p-open subset of Y. Then from the p-continuity of f, it follows that 
Ғ.М) is а p-open subset of X. Since A is а p-normal p-open subset of X, 
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a (А, F^ (N) = a qq (N), А)........... (i) 

Since f is a p-a homeomorphism onto, 

ff^ (N) = N and 

f (a (A, f^ №) = BG (A, £F £^? О) = B (F (A) М) 

also f (a (f^ (М), AD = B (£^ (М), / (A) = B (М. f (A) 

from (i), it follows that 

B (f (A) № = В (М, f (A) 

Since N is arbitrary, 

B (7 (A), № = В (N, f (A) for every Ne T*. 

Thus f (A) is a p-normal p-open subset of Y. 
Example: 6.1: Let Т, = {{a}, (a, c), X} be a p-topology on X = (a, b, c) and р = (6, (а), 
{b}, {с}, (а b}, (a, с}, (b c), X). 


Let T, = (fp), Y} be a p-topology on Y = (p, q} and р” = (6, {p}, {а}, Y). The mapping 
defined as follows is а p-a homeomorphism. 


f: XY 


а-»р 


€ 
Remark 6.1. F f : (X, T, о) — (Y, Т”, B) is a р-а homeomorphism and Y, a p-normal p- 


open subset of Y, then it can be verified with the help of the following example that f^! (Y,) 
is not necessarily а p-nolmal p-open subset of X. 


Example 62. Let T, = {{a}, (а, c], X) be a p-topology on X = (a, b, с) and T, = {{p}, 
Y) be a p-topology on Y = (р, а}. The mapping defined as follows is a p-a homeomorphism. 


pon E АЭ, 
а Э р 
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Where f, is an induced mapping induced by f such that f; (A) = Aj, f, (Х)= Y; А, 
A, are the minimal p-open subsets of X and Y respectively. 


Let а: Рх x PX — РХ (P* is the power set of X), Then & isa р-а function which satisfies 
the following conditions : 


i) а (a ({a}, (БР, (c) = о ({a} м {b}, (ер, Ca}, (Б, {с} € P9 
= ((a) Ә (b v {с} 
= {a} о (5) v (e) 
= (а) о a ((5), (cJ) 
= а ({a}, à ((b), (c 
Similarly we can show for other members of P*. 
ii) a ({a}, (а, с)) = (a) v (а, c) = (a, c] о {a} = a (4, с), (а), (a). (а, c) € T) 
а Ца}, {а cp є 7. 
ii) {a} C (a b), {b} C (b, c), then 
a ({a}, (51) = (a) о {b} c (a b} vu (b c) 
= о ({a, b), (b, ер, Са), {b}, (а, b), (5 c) € РЭ 
iv) о ({a}, (5, с) = {a} О (b с} = (5 c) о (a) = a ((5 с}, (aD 
1. f da} = {p}, f Ча, ср) = (p Ff OO = Y 
<. fis p-open 
f' (рр = {a ch є Т, (0)- Х 
^ fis p-continuous. 
fis p-open and p-continuous. 
2. A = (a), B = {b} 
f (a (А, B) = f (a. Ча}, (51) = f (а) о {bp = f (a, b) = (p. q} 
В (А) £F) = В Gp} (aD = (р) о {а} = (p а) 
«^ f (@ (А, B) = B (F (A) ҒО) (А, B є P5 
a (f? (A), f^ (BY) = а ((a c), (5) = (a c) o {b} = X, (A = (р), В' = {q} 
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f^ (B a, В) =f" (B Cp}, (4р) = 7 (р) о ta) 
=f" (р, 4}) = {a b, с} = 

a (f^ (A), f" (ВЭ) = f' BA, B) | (A В" e Р”) 

- fis а р-а homeomorphism. 
Again let В : Р" х PY — Р! (PY is the power set of Y) Then D is also р-а function 

which can be proved easily. 

Clearly f, is not one-one since 
fy Ча) = f, (la c} = (p) є T, 


In Table-2, (p) is p-normal p-open set іп T, But f~ ({p}) = (a, c) which is not p- 
normal p-open set in T,, since & ({a, c), Б) # a ({b}, (а, c}), [Fram Table-1] 


Table-1 


[EIIDeIWISIespespesp- 
КЕНИКИКИНИНИКЕКШЕН 
СИИИ 

Еа 
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Table -2 


шав ил 





The result given in remark 6.1 holds if f is one-one. We prove this in the following 
proposition. 


Proposition 6.3 : If the p-a homeomorphism f induces a one-one correspondence between 
the p-open subsets of X and the p-open subsets of Y, then for any p-normal p-open subset 
Y, of Y, f^ (Y) is p-normal in X. 


Proof. Under the given condition, for any А є Т there exists ап A' in 7” such that А = 
РА"). Then В (Y, А?) = B(A', Y) for all A' e Т“, f^ (Y) isa p-open subset of X and for 
any A e T, 


We have 
a (ГҮ), А) = a (FY), FA) 
= f" (B, A 
= ГА”, Y.) (since Y, is p-normal) 
а( (A), f£) 
a (A, f Y) 
Therefore, f (Y) is p-normal in (X, T, о). 


7. PSEUDO KERNEL OF Р-А HOMEOMORPHISM 


Definition 7.1. Let /: (X, T, о) — (Y, Т”, В) be a р-а homeomorphism from опе р-а space 
(X, T, о) to another р-а space (Y, Т”, B). Let A,” be the minimal p-open subset of Y. Then 
(f^ (A, is called the p-Kernel of f. 
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Example 7.1. Let T, = ((p), (p, q}, X} bea p-topology on X, = (p, q, ғ) where Рх = (9, 


{р}, {q}, {т}. (р, а}, (р. r}, (9, r}, Х|} and let T, = {{a}, X,} be a p-topology оп Х,- (а, 
b} where P? = (6, (а), (b), X,). The mapping defined as follows is a р-а homeomorphism. 


fA X, 
р ә а 
с 
rb 
Again FA, = f-((a)) = (p, а) is the p-Kernel of f where A," = (a) е T, 
We conclude this section with the following 
Proposition 7.1. If f : (X, T, о) — (Y, Т, B) is a р-а homeomorphism from one р-а space 


(X, T, а) to another р-а space (Y, Т, B) and А is p-Kernel, then A is p-normal in X if f is 
one-one. 


Proof. From proposition 6.2, we know that 
B(A,, № = BON, А,2, for every М с Y, where 
A, is the minimal p-open subset of Y and A = Ј-(А,) 
fo M c X, 
FB, № = РВОМ, A), N= РМ) 
=» aff (A, f-(N)) = о ҚМ) f" (A, 
=> ОДА, f (F(M)) = af (F (M), A) 
= a(A, М) = о(М, A) 
-. А is p-normal in X. 


8. PSEUDO INVERSE 
Now we discuss Pseudo inverse of a set оп р-а space as follows : 
Definition 8.1. Let (X, T, а) be a p-a space with Pseudo algebraic function 
gi Ex pre P. 


B є P* is said to be p-inverse of А where A є P* if a(A, В) = A, = О(В, A) where 
A, is the minimal p-open set. Then we write B= Ат, 
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Proposition 8.1. Lzt (X, T, о) and (Y, Т”, В) be two р-а spaces and f: X — Y be an onto 
р-а homeomorphism. 


Then f(A‘) = F(A) У 

Proof. We observe that 
B(f (A^, (А) = КоА", A) = f(A.) = A, 
and (А) ЖАЗ) = FOA, A?) = f(A) = Ay 

This shows that 

f(A) = Fay. 

The following is the generalization on the algebraic property (ab)' = Бат. 
Proposition 8.2. Let (X, T, о) be a р-а space with œ : P* x Рх — РХ (Рх is the power set 
cf X) satisfying 

Alp Ay) = А, 

Let A, B € Рх ard А“! and B^ be the p-inverses of A and В respectively. 
Then (О(А, B) = a(B^, A?) 
Proof. о(о(А, B), a(B', А-!)) 
= a(a(c(A, B), B'), Ат!) 
alalt, a(B, B')), Ағ?) 
= Q(Q(A, A), A^) 
= Q(a(A, A), А") 
= А, oA, АЛ) 
= OA, А) 
= A, 


| 


This proves that 
(ofA, Ву = о(В-, A). 
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QUOTIENT PSEUDO ALGEBRAIC SPACES 
М. R. Das Амр С. C. DEKA 


ABSTRACT : Pseudo algebraic structure is a mixed structure arising out of a Pseudo topological structure 
and an algebraic structure. Quotient Pseudo algebraic space is introduced with the help of a p-normal 
subspace in a natural way. Finally we obtain a natural p-a homomorphism on a quotient p-a space. 


Key Words : Pseudo topological spaces, Quotient Pseudo topological spaces, Quotient Pseudo algebraic 
spaces, Pseudo algebraic homomorphism are denoten by p-topological spaces, Quotient p-topological 
spaces, Quotient p-a spaces and p-a homomorphism. 


1. INTRODUCTION 


In this paper, we have studied Pseudo algebraic spaces, a mixed Pseudo algebraic topological 
structure arising out of Pseudo topological structure and algebraic structure. Notion of Pseudo 
continuity and p-a homomorphism are introduced in a natural way. Quotient Pseudo algebraic 
space is developed with the help of a Pseudo algebraic p-normal subspace. Finally a Pseudo 
algebraic homomorphism is obtained between a p-a space and a Quotient Pseudo algebraic 
space. 


2. PRELIMINARIES 


A Pseudo topological space can be regarded as a near topological space. In this structure, 
existence of null set and closeness under arbitrary union properties of a topological space are 
developed. Weakness of this structure is recovered by introducing the existence of a minimal 
element and a new notion of Pseudo topological space is developed. Mixing this Pseudo 
topological structure with algebraic structure the concept of a Pseudo algebraic space is 
developed. 


Definition 2.1 : A family T of subsets of a non empty set X is said to be a Pseudo topology 
(p-topology) on X if 


б) Хе Т. 
(ii) there exists ап A, Т such that A,C A V A e 7; 
and (iii) the intersection of a finite collection of members of T is a member of T. 


The pair (X, 7) is called a Pseudo topological space (p-topological space). The members 
of T аге-саПей p-open sets. 
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А topological space is a trivial example of p-topological space. The null set Ф is the 
minimal p-open set in this case. 

One can see easily that the minimal element in a p-topological space is unique. 

A group (G, .) is another example of p-topological space. In this case, the collection 
of all subgroups of G is a p-topology and the identity subgroup is the minimal p-open set. 
Similarly subrings of a ring, subfields of a field and subspaces of a vector space form Pseudo 
topologies on ring, field and vector space respectively. 

Now we define a Pseudo algebraic space which is based on actions of a mapping 0. 
: p* x рх — рх upon the subsets of X. 


Definition 2.2 : A p-topological space (X, 7) is said to, have a Pseudo algebraic structure 
(p-a structure) if there exists a function, 


a: p* x рх > рх 
satisfying the following conditions : 
(i) alal, B), C) = a(A, ОВ, C)) for all A, B, C, є р". 
(ii) (А, B) є T if and only if ОА, В) = a(B, A) fa A, B є Т. 
(iii) A, C A and B, c B iff o(A, В) C a (A, B) for all A, В, A, Ве P. 
(iv) o(A, A) = А, A,) for every A є p*, where A, is the minimal p-open set. 
The triplet (X, 7; а) is said to be a Pseudo algebraic topological structure or simply 
a Pseudo algebraic space (p-a space). 
Definition 2.3 : A subset A of a р-а space (X, T, 0) is said to be a p-normal set if a(A, B) 
шо (В, А), У Be рх. 


Definition 2.4 : The p-topology T of a р-а space (X, Т, 0) is said to be p-normal if every 
p-open set is p-normal. If the p-topology of a p-a space is p-normal then p-a space is said 
to be a p-normal p-a space. 
Definition 2.5 : Let Y be a non empty subset of a p-topological space X. The p-topology Т 
on Y defined by 

Т!- {А AY: А є T) is called the relative p-topology on Y and the p-topological space 
(Y, T^) is called a sub p-topological space of (X, T). 
Definition 2.6 : A sub p-topological space (Y, T") of a p-topological space (X, T) is called 
a sub р-а space of р-а space (X, T, о) with a р-а structure œ if œ induces а р-а function 
a’ on p” such that 

(1) (А, B) = о(А, B) for AB, є p’, 

(ii) оҚА, B) e T' if and only if СА, B) = оҚВ, A) fo A, Be Т 
and (iii) «ҢА, A) = ОҚА, AJ) for A є p” and the minimal p-open subset A,’ of (Y, ТЭ. 
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Definition 2.7 : A mapping f from a рео space (X, T) into а p-topological space 
(Y, Т) is said to be 

(i) p-continuous if РА) € T for every А” є 7. 

(1) p-open if ДА) е Т for every A 6 T. 


Definition 2.8 : A mapping f from а р-а space (X, T, 0) to (Y, Т, D) is said to be a р-а 
homomorphism if the following are satisfied. 
(i) f is both p-open and p-continuous. 


(ii) fa (A, B) = В (ДА), АВ) for A, B є рх. 
and (8) a(f- (A) В") = fB (А', ВЭ) for А", В’ є PY. 
3. QUOTIENT PSEUDO ALGEBRAIC SPACES 


In this section, we introduce the notion of quotient p-topology and quotient p-a space. 
Subsequently а p-a homomorphism is obtained in this structures. 


Let Y be a p-normal subset of a p-normal р-а space (Х,Т, œ). 


А = (a((X), Y) : x є X} and 


T, = {a ({x}, Ү):хе Ав T) = (0А, 0): Ae Т). 
Proposition 3.1 : T » Ty) is a Pseudo topological space. 
Proof : Clearly, 2 = {a({x}, Y) : xe Xe T] isin T, 


Let A, be the minimal p-open subset of (X, T). 
Then for every А е T, ОА, Y) = {a({x}, Y : x e AJ c (a (ix), Y) : x e A] = aA Y). 
This shows that О(А,, Y) is the minimal element of T. 


For a finite collection ((A4, Y) : 1 S i S n) of subsets of 5, 
(А, 0 = {a ((х}, И:хелеТ,1<і<п) 
=! 
n 
={a@ ({x}, YN: xe а A, Є Т} 
i= 
н Х А : 
Hence, n (A, Y) е T, and y T, is a p-topological space. 
i=l 


The p-topological space (3, Т,) is called the quotient p-topological space. 
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Proposition 3.2 : Let Y be a p-normal subset of р-а space (Х,Т, a0). We define 
a: PY x PY = PY by 
a"(a(A, Y), о(В, Y) = a(a(A, B), Y) where A, B е Т. 
= 040 ((x), Y) : x e ад, В)) 
Let Т, = (o((x), Y) : xe Ae T] = (04, Y): Ae T) 


Then (Žž, Т,, 02) is a p-a space. 


Proof : As seen in Proposition 3.1, T, is a p-topology on 2 . Let us see that a is well defined. 


Suppose 
ОҚА, Y) = (АА, Y, А, A,e T 
О(8, Ү)- a(B,, Y), В, В,е Т. 
Then o'(o(A,, Y), о(В,, Y) = о(о(А,, В), Y) = (A, aB, Y) 
= о(4,, o(B,, Y) | 
= (А, 05 B,)) (since Y is p-normal) 
= a(o(A, Y), B) 
= o(o(A,, Y), B) 
aA, OY, ВЭ) 
о(А,, о(В,, Y) 
a(o(A,, В,), Y) 
= a" (о(А,, Y), о(В,, Y) 


Hence о” is well defined. 


Although verifications that (5 , T, 02) is a р-а space is routine, for sake of completion, we 
explain as follows, 
aa aA, Y), o(B, Y), (С, Y), A, B Ce T 

= a'(a(a(A, B), Y), оС, Y)) 

= Оо(о((оқА, B), C), Y) 
o(o(A, a(B, Су), Y) 
alala, Y), о(о(В, C), Y) 
о“оқА, Y), o'(a(B, Y), a(C, Y)) 
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Next, if a (O(A, Y), о(В, Y) = а? (о(В, Y), o(A, Y) 
Then a(o(A, B), Y) = a(a(B, A), Y A, Be T 
Using p-normal character of Y. 
o(Y, (А, B)) = о(оцА, B), Y) 
*. ОЛ(0. (А, У), В, Y) є Ty 
Let о(А, Y) с a (A, Y) 
o(B,, Y) са (B, Y) Then A, C. A & В,С B and 
«А, B) с «А, B) 
o'(o(A,, Y), aB, Y) = о(о(А, B), Y) 
C o(o(A, B), Y) 
= o'(o(A, Y), о(В, Y) 
Finally, 
a*(a(A,, Y) «АА, Y), A, Ac T 
a(a(A,, A), Y) 
a(a(A, А), Y, Ав Тапа A is p-normal. 
a'(o(A, Y), (Ap Y) 


The space Š, T, , a”) is called a p-a space. It is called a quotient p-a space. 
The following result shows the existence of a natural p-a homomorphism. 


Proposition 3.3 : Let Y be a p-normal subset of the p-normal p-a space (X,T, о) and (С; 
Т, 0%) be the quotient p-a space. Then the natural mapping 


Р(Х, D> (т. Ty) defined by 
Дх) = o((x), Y) is a p-a homomorphism. 
Proof : Let о(А, Y) be a p-open subset of Š, T,. We recall that 


T, = (a(A, Y) : Ae Тр- (o((x), Y) :xe Ав T). Then 
ГОА, Y) = (x € Ae ТЕ A є T. Hence fis p-continuous. 
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Again for A є T, 

ЛА) = ОА, Y) е T ,, Hence f is p-open. 

КОА, B)) = a(a(A, В), Y) A, Be P* 

a'(a(A, Y), о(В, Y)) 

а*(ҚА) ДВ)) 

and о(/-ҚоқА, Y), f" (o«B, Y) = o(A, B) = f" (a(o(A, B), Уу) 
= f^ (a (oA, Y), a(B, Y) 
for OfA, Y), o(B, Y) є PS 


H 


- fisa p-a homomorphism. 


We have discussed a few structural properties of a p-a space (X,T, œ). In place of X 
considering group, ring, field and vector space structure, such structural properties can be 
enriched. 
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A PSEUDO W, CURVATURE TENSOR 


ON A RIEMANNIAN MANIFOLD 
(Dedicated to Prof. M. C. Chaki on his 90th birth anniversary) 


B. PRASAD AND ÁSHWAMEDH MOURYA 


ABSTRACT : Recently Prasad (2002) introduced pseudo projective curvature tensor in a Riemannian 
manifold. In this paper we define a pseudo т» curvature tensor оп а Riemannian manifold and obtain 


its several properties. 


П 


1. INTRODUCTION 


The pseudo W, curvature tensor W, on a Riemannian manifold (M", g) (n > 2) of type (1, 
3) is defined as follows. 


ал) %, @, Y, Z) = aR(X, Y, Z) + blg(Y. 20Х- 8(Х, 20ү] 


a 
-1 





+ b] [g(X 2Х- 0, ZY] 


ыр 
n n 
where а and b are constants such that а, b # 0, R is the curvature tensor, S is the Ricci tensor, 
r is the scalar curvature and Q is the (1, 1) Ricci tensor defined by 
g(QX, Ү) = S(X, Y) for all X and Y. 


This paper deals with Riemannian manifolds (М", г) (n > 2) for which W, is 
conservative [1]. 


A manifold (M", g) (n > 2) shall be called pseudo W, flat or Pseudo W, conservative 


according as W, = 0 or div W, = 0. In this paper it is proved that pseudo W, flat manifold 
is of constant curvature provided that (a — b) + 0. Further it is proved that every (M", g) of 


constant curvature is pseudo W, flat. Finally a necessary and sufficient condition for an 


(M", g) to be pseudo W, conservative is obtained. 
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It can be easily verified that 
(12) W(X XY Z) =-W(¥ X, 2) 


03) WAKE 2+ WEZ Х+ (4, Х, 0) = 0 


basimi Бе ok, then ЧЇ. T) takes the form. 


О X D= RX X Z -— (s Z) OX- gX, 2 Qv» wx ¥ Z) 


^ where W,is the curvature tensor [2]. 


Hence the curvature tensor W, is a particular case of the tensor W,. For this reason 


W, is called pseudo W, curvature tensor. 


2. PSEUDO W, FLAT MANIFOLD 


In this section we assume that W, = 0. Then from (1.1) we get, 


(2.1) aR(X, у Z + МҰ 20Х- (X, ZQY) -Z [—®— + b] [eX DX - &(Х, ZY] = 0 
From (2.1) we get, 
(22) (ҚА, Y, 2, М) + blah DSX, И) - 5(Х, DS WI 
-ZI XA + 6 180 DeX, W- gX, 2608 Ww] = 0 


where 
(2.3) 'R(X, Y, Z, № = g.(R(X, Y, Z;W) 


Putting X = W = e, in (2. 2) where [e] is an orthonormal basis of the tangent space 
at a point of the manifold and taking summation ove e, 1 S i S n, we get, 


Q4) (a - b) IY; Z) -Z ДҰ Dl = 0 
If a — b + 0 then from (2.4) we get, 


Q5) SX 2-2 7 402) 
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Hence, in view of (2.2) and (2.5), we get, 


2.6) RX, Y Z W)- E> BY DeX W) - 8% Zee W), for a + 0 


Thus, we can state the following theorem 


Theorem 1. A pseudo W, flat manifold is a manifold of constant curvature, provided that 
a —b #0 From (1) we have 


(27) WA, Y, Z W= a'R(X, Y, 7, № + МҰ DSX, И) - e(X, DS W) 
x [сс + b] [XE DeX, №) - aX 2) gY W) 


where 'W, (X, Y, Z, W)  g(W, (X, ¥ Z,W) 


Now (2.7) can be written as follows 


Q8) "WO, Y Z W= ав, X Z W)- — 


zac BE Dax, W- aX Dae W) 


+ bie ZUSQGW) - 5 8000) - 800 Z) SE W) - 7 gE ЗО 


If an (M^, р) (n > 2) is a manifold of constant curvature then it is an Einstein manifold. In 
view of this the equation (2.8) gives 


Wa ¥% ZW) = 0 
Hence we can state the following theorem. 


Theorem 2. A manifold (M", g) (n > 2) of constant curvature is pseudo W, flat. 


3. Pseudo W, Conservative (M*, р) (n > 2) 
In this section we assume that 
(34) div W, «0 
where div denotes divergence. 


Now differentiating (1 .1) covariantly, we get, 
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(D,W,) (X, У 2) = a(D,R) (X, Y, Z) + Ма( 2) (Фр,ОХ - 8(Х, 2) (D,Q)Y] 


-O га + B (e 2X - ғ DY] 
n n 
which gives contraction. 


(32) (div W,) (X, Y, Z) = a(div R) (X, Y, Z) + b[g(Y, Z) (div ОХ- 8(X, Z) (div OY] 


E ie + b] [g(% 2) dr Q0 - &(X, 2) dr (Y)] 





But from [3], we have 
(div R) (X, У Z) = (D9 (Ү Z) -D09 (X, 2) 
Hence (3.2) gives 


83) (div Č) (% к D= ау) (Е 2) - (9) (X, Zi + [625—928 


[g(¥% Z)dr{X) - g(X, Z)dr (Y)] 
It the Ricci tensor S(X, Y) be of Codazzi type, i.e. 


(0,5) (% 7) = (0,5) (X, Z) 


] 


then from, (3.3) we get 


b(n – 1)(п - 2) - 2a 


(34) (div WX Y Z)= [ 2n(n — 1) 


] [80% Zdr (X) - g(X, Z) dr (Y)] 


Hence if div W, = 0, then 

| aX 2 dr X- sX, Z & (Y) = 0 

which shows that r is constant. Again if r is constant then from (3.4) we get, 
(div W, (( X 2-0 

Hence we can state the following theorem 


Theorem 3. Jf in a Riemannian manifold (M". р) (n > 2) the Ricci tensor is codazzi type 
“Шеп the manifold is pseudo W, conservative if and only if the scalar curvature is constant. 


Further we have form (3.3), 
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= [D,S) (Е 2) - (DS) (X, 2)] [18097 0 


[g(h Z)dr(X) - 8(Х, Z) dr(Y)] 


(divW,)(X,Y, Z) | 
а 


(3.5) 


Since we assume that a # 0 


Then from (3.5) we can state the theorem as follows 


Theorem 4. Jf in a Riemannian manifold (М, 8) (n >2) the pseudo W, curvature tensor is 


such that a + 0 then the manifold is pseudo W, curvature if and only if 


b(n – D(n — 2) ~ 2a 


Danna) | BË 2400- 2% Z) dr (Y) 


(DS) (2) - WS) (€, Z) = 1 
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FIXED POINT THEOREMS FOR MULTI-VALUED 
MAPS IN D-METRIC SPACES 


M. S. Raruore!, Deepak SiNcg2, Маулі, ЅІЧСНЗ 


ABSTRACT : In this paper we establish a fixed point theorem for three multi-valued maps in D-metric 
spaces. 


1. INTRODUCTION 


Nadler [4] first initiated to prove fixed point theorems of multi-valued contraction mappings 
in complete metric spaces. After the works of Nadler [4] many research workers have devoted 
their much time to prove fixed point theorems of multi-valued mappings in various ways e.g. 
Bose and Mukhetjee[l], Garegnani and Massa [3] etc, used concept od Hausdorff metric H(A, 
B). Further some fixed point theorems for multi-valued contraction mappings have been 
obtained by Veerapandi and Rao [5]. They also proved a result on fixed point of orbitally 
continuous and multivalued mappings of complete and bounded D-metric spaces. 


2. PRELIMINARIES 
We recall some definitions introduced by Dhage [2]. 


Definition 2.1. Let X be a non empty set. A generalized metric (or D-metric) on X is a function 
D from X x X x X to R* (= the set of non negative real numbers) that satisfies the following 
conditions 


(1) D (х у z) = 0 if and only if x= y= z. (Sufficiency), 
ji) D (к y» z2 = руҳ 2) = .. (Symmetry), 
(01) Р(х, y 2) 5 р(х, у а) + D(x, a, 24 D(a, y z) for all х,у, z ain X(Rectangle 

inequality). 
The pair (X, D) is then called a generalized metric space (or D-metric space). 


Geometrically the D-metric D(x, y, z) represents the perimeter of a triangle whose vertices 
ше x, y and 2. 


Definition 2.2. A sequence {x,} of points in a D-metric space (X, D) is said to be D-convergent 
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to the point x € X if, for each € > 0, there exists ny € М such that 
DG, 


Definition 2.3. A sequence {x,} of points in a D-metric space (X, D) is said to be D-Cauchy 
if for each € > 0, there exists ny € N such that 


DOG хь х) < £, for all m p» n2 np. 


X ASE, for all m, n 2 ny. 


Definition 2.4. A D-metric space (X, D) is said to be complete if every D-Cauchy sequence 
in X converges to a point їп X. 


Definition 2.5. The D-metric space X is said to be D-bounded if there exists M > 0, such 
that Dx y z) < М forall x y zin X 


We state some more definitions and result. 


Definition 2.6. If B (X) is the collection of all non-empty bounded subsets of a D-metric space 
(X, D), and fa A, B, Се B (X) 


Let Н (А, В, С) = sup {D (a, b c):ae A, be В, сє С) Then 


0) H (A, B, C) 2 0 for A, B, Се B (X) and Н (A, B, C) = 0 implies that A = B = 
C with a singleton; further if А = B = C, then Н (A, В, C) is the perimeter of the largest 
triangle contained in the set A > 0, otherwise A is singleton, 


(1) H (A В, C)= H (В, С, А) = Н (C A B) for A, B, C € B (X), 
Gi) H (A, B, C) < H (A, B, E) + Н (A, E, Оз H (E, B, C) 
fæ А, В, С, E e B(X). 


Definition 2.7. Let (X, D) be a D-metric space and CB(X) be the set of all bounded closed 
subsets of X. Let T : X — CB(X). T is said to be a multi-valued contraction mapping if Н 
(Tx, Ту, Tz) < q D(x, у, z) for all xx y z є X, whereO € д < 1, is a fixed real number. . 


Definition 2.8. А map Т: X — СВ(Х) is said to be orbitally continuous at x if x, — x as 
n — œ in X with respect to D implies {x,} has а subsequence {x,,} such that Tx,, — Tx 
with respect to Н as i — оо, If T is orbitally continuous at all points of X, then it is orbitally 
continuous оп X. | 


Veerapandi and Rao [5] proved the following. 
Theorem 2.9. Let (X, D) be a complete bounded D-metric space. 
E T: X — CB(X) is multi valued contraction mapping, then Т has a fixed point. 
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3. MAIN RESULT 
We generalize Theorem 2.9 of [5] in the following theorem. 


Theorem 3.1. Let (X, D) be a complete and bounded D-metric space, let S, T, P : X — CB(X) 
be a multi-valued and orbitally continuous mapping such that S, T and P are pair-wise disjoint 
self-mappings of X, satisfying 


(i) _ H(Sx, Ty Pz) S a, D*(x, у z) + а, (D*(Sx, y z) + D*G Sx 2) 
+ a, {D*(y, z pz) + D*(Sx, Ty, 2)) 
+ a, (D*(Sx, y, Pz) + D*(x, Ту, Pz)) 
+ a, {D*(x, Sx, 2) D*(y, Ty, 2) + D*O, Sx, 2) D*G, Ту, 2)) 
Рб, у 2) 
for all distinct х, у гіп X and non-negative reals а,, а„ аҙ, а, and as such that 
(a, + 2a, + 2a, + 2a, + 2а,) < 1 with (1/2) < (arp)! < 1 


(a, + 2a, + a4 + a5) (a, + 2a, + 2a “а, + as) 
h = te э, ze қоры 22 ite 40 9^ 
where a Па, = алав) г Па са аг) 


, 


(a, + a3 + a4) 
P= (1-а -a -2a, - a) 
where D*(A, B, C) = inf (Га, b, ch ає A, be B, се C) fo А,В, C e C B (X). 
Then S, T and P have a unique common fixed point in X. 
Proof : Let x, € X be arbitrary. Consider a sequence {x,} in X such that 
Хз € 55, € E Tx, and x4,,,€ Px,,,,, for all п = 0, 1, 2,3... 
Now using (1), we have 
Р(х, X», x4) S Н (5х,, Тху, Px) 
S a, Р*(ху, x, ху) + а, (D*(Sxy, хү x.) + Рх $xy, х.)) 
+ a, ([D*(x,, х, Рх,) + (хо, Тху, Px} 
+ a, (D*(Sxy, хү, Px) + D*(x,, Тху, Рх.)) 
+ а; (D*(xy 5х, х,) D*(x,, Tx, x) + D*(x,, 5х, x) Р (хо, Тху, х.)) 
? so o Рб Xy, х) 


IA 


a, РО Хү, xj) + а, (DG, Хү, x) + "Р(х Хү х,)} 
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+ а, {Р(х x, x) + Юл, х), xl 
“+ a, (DG, хы x) + DQ, x, x] 
+ a; (D(x, Хү, x) Р(х x, x) + Р(х, хр x). DG, x» x)] 
Обу, Хү, x) 
5а Dy хр Ху) + a, (р(х хү x) + DG, хү x))] 
+ a, (DG, х, x) + DQ, x» х) 
+ а, (DG, x, xj) + DG, Ху x3) + D(xy Хү x) + Dixy x х))) 
+ a, (DG, x4, х3) Р(х x, x) 
This Implies 


(a, “2а, + a, + a5) а, 
D(x, х, ху) 5 12а, — 2a, аз) Dy Хү ху) + 0a, =a, = 08) (ху, Хү, x3) 





ог Р(х, Ху, x) 5 a р(х х, x)) + b Р(х Хү х3) (1) 
(a, + 2a, + a, a5) а, 
here а = ————————-, = tt 
ife a= (1-24 -2a, - as) (1 2а; - 2a, - as) 


Now using (i), we have 
D(x,, х, ху) S Н (Тху, Рх,, Sx,) = Н (Sx, Tx,, Рх,) 
S a, D*(x,, x, х) + а, (D*(Sx,, хү, x) + О%х,, 5x4, х,)} 
+ a, [D*(x,, x, Px.) + D*(Sx,, Тху, х,)) 
+ a, {D*(Sx,, х, Px) + D*(x,, Тху, Px,)} 
+ а, {D*(xy, Sx, х) Р®(ху, Тху, x) + “х, 5х,, х) О%х,, Тху, ху) 
(хз, Хү, Xp) 


ІЛ 


a, Р(х, X4, X4) + а, (DG, Хү ху) + DG Хү х) 

жа; (DG, X x) + р(х, х, x9 

+ а, (DG, Хү x) + бх, x, х;)) 

+ а, {р(х х, xj) рор XX) + Dp x4, ху) DO, х, ху) 
Хх, Хү, xj) 


S а D(X, x4, xj) + а, (DG, х, x) + Р(х, хз, x9] 
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+ ау (DG, xy x) + Рб, ху ху) 
ға, (D(x,, хү, x) + Хх, x, хү) + DG xy x) + DG, xy x)] 
+ а, {DX х, x) DOy Ху X4) 

This implies that 


(a, + а + а) (a, + а, + as) | 
Dg iA) = rua 2-а) СОЛ T quos шд, ача) DU rg 


а D(x, ху x) <р D(x, x4, x) + 4 D(x,, Ху X4) 


(a, “аҙ + a4) _ (a, “а, +а;) 
а; -a — 2a, — a5)’ 4 1-а -a — 2a, - as): 





where p = a- 


using (1), above becomes 

Р(х, ху, ху) S ap D(xy, Хү, ху + bp "Р(х х, x) + 4 Р(х, Ху x4) (2) 

Now using (i), we have 

D(X, Xy X;) S Н (Px,, $x,, Tx) = Н (5х,, Tx,, Рх.) 

S a, D*(x,, Xp х) + а, {0%(5х, x,, х) + О%х,, бх, ху) 

+ а, (D*(x,, х, Рх,) + D*(Sx,, Tx4, х,)} 

+ а, (D*(Sx,, х, Px) + D*(x,, Tx, Рх,)} 

+ а, (D*(x,, 5х, x) D*(x,, Tx, ху) + D*(x,, 5х, х,) D*(x,, Тх,, х.)) 
Dx, Ху, X) 

а D, ху Xx) + а, (DG, хь x) + Ро» x, х) 

+ аз {р(х x, x) + DG, xs xj 


+ a, (DG, х, x) + (х, xs x) 


л 


+ а; (DG, x, x) Р(х, xs x) + DG, x, x) DO, xs х,)) 
Р(х», хр X) 

а, D(x,, ху x) + а, (DG, ху, x) + DX, ху, x,)} 

+ а, (DG, х» x) + DOS, x, x3] 


+ а, (Ба, Ху x) + DX, x, x9) 


IA 


+ as (DG, х, xj) Р(х, ху x) + "Р(х, х, x) + DG xs. X)} 
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This implies that 


(a, + 2a, + 2a, “а, + as) 
@-а;,-а — ds) 


(аз + 2а;) 
D(x,, ху X4) + (ааа) саа) 





Го, x, Xx) 5 
а D(x, x, x) S г DG, x X) 5 DG, x, xj) 


+ 2a, + 2a; ға, + ds) 5 = (аҙ + 2as) 


where r= {4 ME К RN 
(1 — 43 — a4 — as) ае 





using (2), above becomes 
D(x,, X4 X5) S apr. Р(х, Хү, х) + bpr р(х Хү ху) + qr Р(х, Ху X4) 
+s Dx, ху, х,) 
similarly, 
D(x,, X, x9 < арг (ху ху, х,) + abpr Ю(ху Хү ху) + agr Р(х, ху, xy) 
+ as D(x,, Ху, x) + b DG, Xy x) 
Р(х,, х, Ху) 5 арі Р(х, Хү, х) + abp?r DX, ху, ху) + арат D(x, Xy xj) 
+ aps D(x,, x4, x) + bp "Р(х, x, х) + 4 DG, xs, xj) 
Р(х, ху, ху < ар? (ху xy, ху) + abp?r? "Р(х Хү, x) + ара? D(x, ху, xj) 
+ aprs D(x,, ху х) + bpr DG, x, x) + qr D(x,, Xs, Ху) 
+ 5 (х, Xe Xg) 
D(x,, xy, ху) S арі? Г(х, Хү х,) + a?bp?r? Р(х, Хү, хү) + ар? Р(х, Xy xj) 
+ арг D(x, ху ха) + abpr D(x, Xy x) + ааг D(x,, Xs, ху) 
+ as D(X5, Xe xg) + b Р(х ху, Xo) 
Р(х, X. ху) < азр? Р(хр Хү ху) + аыр? Хх, Хү, x) + ар?а D(x,, xy x4) 
+ a’p*rs D(X, ху x) + abp?r D(x,, x, x) + араг D(x,, хы, xj) 
+ aps D(xs, хь xg) + bp Р(х, хь x) + 4 D(X, Xg ху) 
Р(ху, Хүр xj) 5 PPP (хо, Хү, х) + ар Day хү, ху) 
+ а?р?а D(x,, X xj) + a?p?r?s D(x, х,, x;) 
+ абру? Dixy хү, x) + ара? Dixy х„ ху) + aprs D(xs, Хө Xg) 


+ bpr D(X хь Xp) + qr DQG, Xg Xj) + 5 Ро, X9, X44) 
Continuing in this way, we have 


D(x,, ху, xj 


3) 


(4) 


(5) 


(6) 
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Р(х» Ха» X4) S (apr)! (a DG, Хү, x) + b DG, xy x4) 
+ (арғу? (ааг D(x,, x4, хү) + as Ю(х„ ху Xs) + 5 D(x,, Xp x9! 
+ (apr? (agr Dixy ху, х) + as Г(х хь xg) + b D(xs x, Ху) 


+ (apr (ааг (х, s Хр Xana) + аз Р(х, а 5, 5,1) 


+b D(&5,,35 X32 Xy) ) 
= (apr)" (a Diy х, xj) + b. (ху xy, ху) 


п-2 
k 
2 (apr Y [agr О(ху з, 5 Xs capa Хз зә) 


+ as Ds, a, 4» Xp 313» Xn ai) + Р DOG, a 35 Ху зк), Xna) 


n-2 
< (арг! (a+ b) M+ Y (apr) (agr as + b) M, 
k=0 


since D is bounded 
n-2 
= (apr! М а + (apr) M В, 
k=0 
where 0, = (a+ b) B, = (agr + as + b) 
Similarly 


n-2 
DG, Xo Хэ) S (apr)! M (ap + bp + q)+ Yy(apr) M (aps bp q) 
k=0 


n-2 
= (apr! М о, + Y(apr M В, 
к=0 
where 0, = (ар + bp + а) В, = (aps + bp + q) and 


н-1 
Г(хр Xp Хэл 2) S (apr M+ У, (apr M (bpr + qr s) 
k=0 


n-i 
= (apr? M+ Ñ (apr) М a, 
k=0 
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Where œ, = (Брг + qr s). 
Now we shall prove that (x,) is а D-Cauchy sequence. 
Taking m of the form 3k + 1 (k = 0, 1, 2, ...), we have for positive integer t and 1. 


D (х Хан Хна) 5 р (х, net? Xnr) + D(x,, Án]? Хна) + р nel? mut Хы) 


(т-49/3 
< (арг "95 М о + У (apr) M В, + (apn M о, 
k=0 


(m-4)/3 * 
+ > (apr) M B, + Dx, diu Seay 
k=0 


+D Os m2» Хана) +D Cua Хуур Хун 


і (m—4)/3 
< 2Мо, (apr) + 2MB, У; (арг) + 2Мо„(аргу” В 
Е-0 


(т-4)/3 Ё 
t 2MB, > (apr) + DG» Хув Хн) 
k=O 


(т-4)/3 
< 2Ma, (apr) + 2MB, Y (apr)* + 2Мо, (аргут-99 
k-0 


(m-4)/3 A 
+ 2MB, У, (apr) + 2M (apry"*?»? 
k=0 


(т-1)/3 
+ 2Мо; у, (арг ж +D Ema net "m 
k=0 


< 2Мо, [(aprY"-9? + (apr) +... (apre 
(т-4/3 0) (һ-1/3 (т+1—8)/3 
+ 2MB,[ Y (apr + Y, (apr + Y (арг) ] 
k=0 k=0 k=0 


+ 2Ma, [apr + (арг т5ЭЗ +... + (apr m3] 
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IA 


(т-4)/3 (т-1)/3 k n*t-8)/3 k 
+ 2MB,[ У (aprt + У (apr) + У (ард! 
k=0 k=0 k=0 
+ 2M [(aph™? + (apr +... + (арғуетн-2/3) 
(т-1)/3 (т+2)/3 k (m+1—5)/3 k 
+ 2Ma, | p (apr + X (ap)! + У (аргу | 
k=0 k=0 


+D (хыр me Хона) 


2Ma, [(apr)"-9? + (арг) +... + (apr 
+ 1/2 (apryo*725] 


(т-4)/3 -1/3 (m*1—8)/3 


+ 2MB, L Y. (apr + Uy api * D (аргу 
ё-0 k=0 k=0 
(т-н-5)/3 
+12 X (nj 
k=0 


+ 2Ma, [(apr)")8 + (аррут+23 +... + (арг) ЭЭ) 


m-4)/3 n (m-1)/3 k (т%-8)/3 : 
+ 2MB, L X, (ар) > (ар”) У (apr)*j 
k=0 k=0 
+ 2M [(apry 23 + (apr) +... + (gppme-20] 
(т-1/3 (m+2)/3 _ 0n j 
+ 2Mo, | y (apr) + b (apr) У (ард) | 
к=0 k=0 


since (1/2) < (apry*! < 1, therefore it is easy to see 


1 + (apr) «Қарт? + 


‚ + (apry < (аргу*\ + (аргу*? + 


J со 
ie Y (apr) < У, (арғ)* 


k=0 


Therefore 


Da,» X 


men 


&=Ј+1 


Хна) < 2Ma, Y (apr) + 2MB, [ > (apr)* + Y (арг) 


ks(mttt1)3 Ег(т-1/3 k-(m2)/3 


95 
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oo 


+...+ y (aprY + У, (аргу ]+ 2Mo, 5 (apr) 


kx(m*t-5)/3 kz(m*t-2)/3 k=(m-+t—2)/3 
+2МВ,[ 3 (pry + NM (руу-.... X (amm; 
к=(т-1)/3 k-(m42)3 k=(m+t-5)/3 


oo 


oo k oo 
+2м УХ (ору + мог У, (aD + У (apr 
k=(m+t+1)/3 kz(m42)/3 k-(m45)/3 


Жы Y (руу) 


К=(т+1—2)/3 


— 0 as m — о, since apr « 1, so each term in summation tends to zero 
as m — о, 


Thus (x,) is а D-Cauchy sequence. But X is complete so (x,] conveges to some и € X. 


ie. lim X, = и. 
n — со 


We shall prove that и is а common fixed point of Р, S and T. Since Р, 5, and T are orbitally 
continuous so the sequences. 


{Sx3,}, (7,4) and (Px4,,,] converge to Su, Tu and Pu respectively. 


Аз ху € Sap Ху, Є Тху апа хе Px, 5 for all n, it follows that и € Su, и € Tu 
and u € Pu. 


Hence u is a common fixed point of P, S and T. 
To prove the uniqueness, let v be another fixed point of P, S and T. 
Then 
D (и, и, v) € H(Su, Tu, Pv) 
a, D*(u, и, v) + a, {D*(Su, и, v) + D*(u, Su, у)) 
+ a4(D*(u, v, Ру) + D*(Su, Tu, v)} + a,(D*(Su, и, Ру) + D*(u, Tu, Pv)) 
+ as(D*(u, Su, v) D*(u, Tu, у) + D*(u, Su, v) D*(u, Tu, v)) 


ІЛ 


D(u, и, v) 
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S a, D(u, и, v) + а, (D(u, и, v) + D(u, и, у)) 
+ a,{D(u, v, v) + D(u, u, v)) + a,(D(u, u, v) + D(u, и, у)) 
+ as(D(u, и, v) D(u, и, у) + Шри, и, v) D(u, u, v)) 
D(u, и, v) 
or, (1 - a, - 2a, - 2a, - 2a, - 2а,) Ри, и, y) 50. 
This implies that и = v. Therefore 5, T and P have unique common fixed point in X. 


Remark: If $= T= P and а, = а, = а, = а; = 0. Then we get Theorem 2.9 of Veernpandi 
and Rao, K. C. [5]. 


Theorem 3.2. Let (X, D) be a complete and bounded D-metric space, let (5,1, (T,), (P,), 
:Х — СВ(Х) be a multi-valued and orbitally continuous mapping such that 5, T, and Р, are 
pair-wise disjoint self-mappings of X, satisfying 


@ H(S,, X, Ty, Ра) < а D*(x, y» 2) + a (D*(S,x, y 2) + D*(x, Spx, 2)} 
+ a,{D*(y, z, Pyz) 0%5,х, Т,у, 2) 
* a,(D*(S,x, » P,z) + D*(x, Ty, РӘ} 
+ a,{D*(x, SX, z) D*(y, Ту, z) + D*(y, Spx, z) D*(x, Ty, z)} 
D(x, y, 2) 


for all distinct x, y, z in X ; i’, j’, k'e М and non-negative reals а, a,, а 
that 


(a, + 2a, + 2a, + 2a, + 2а,) < 1 with (1/2) < (ару < 1 


y 44 and а; such 





where a- t 2a, t a, + as) „= (011 20, 4 20, + ад t a) 
(172a, – 2a, — a5) (-а,-а,-а;) 
(a +a +a 
p 1 3 4) 


© (= a, =a -2a, ~ as) 

and where D*(A, B, C) = inf (D(a, Б, ck ae A, be В, сє С) fa A, B, C e CBX). 
Then 5, Т, and P, have unique common fixed point іп X. 

Proof : Let x, € X be arbitrary. Consider a sequence (х,) in X such that 


Х,2 € Sa Жу» Хз € Туе, Xana ANd Ху, € Руз Хз, р for all n = 1, 2, 3, .... 
апа k" = 0, 1, 2, 3, ...... 
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Now using (i), we have 
хі, Ху, x4) S Н (5, Тху, Pax) 

5а, D*(xy xy, х) + а, (р%5х,х, х) + DFA, 6, x)] 
+ а, (D*Gy, x, Руз) + D*(Sixq Т, x] 
+ а, (Р, х, Рух,) + Р(х Тху, Po) 
+ а; (D*(xy, S Xo ху) D¥(x,, Тху, х,) + D*(x,, $,x,, X) D*(xs, Тху, х,)) 

D(Xq Хү, X) 

5 а DX xy, х) + а, (Г(х, xy, x) + D(x, ху, х,)} 
+ а, (DG, xX x) + DG, x, x3] 
+ a, (DG, х xj) + DG, ху, x4)) 
+ а; (DG x, x) DG, x4 x) + DG, Хү x) Р(х x, х.)) 

D(Xy Xy, x2) 


Now with the similar treatment as іп Theorem 3.1, we can show (х,) is а D-cauchy 
sequence in X. 


Next We shall prove that и is a common fixed point of Р, S, and Т. Since Р, 5, 
and T, are orbitally continuous so the sequences. 


{San} (T Xn} and {Р X32} converge to 5и, Ти and Ри respectively, and so their 
subsequences ($4,-,, X4, 3}, (Те) X4, о) and (Р,.; Хад) converge to S.u, Ти and Ри 
respectively. 


AS Хуур € Sakel Хзь y Ху, Є Ту Хә ANd Ха, € Рарз X4, 4; for all n, it follows that 
uc Su uc Tuad we Pu. 
Hence u is a common fixed point of 65), (7/1 and (Р,1. 
To prove the uniqueness, let v be another fixed point. 
Then 
D (и, u, v) S Н(5,и, Tu, Р») 
S a, D*(u, и, v) + а, {РҖ(5'и, и, у) + D*(u, S/u, v)) 
+ a,{D*(u, v, Рұу) + D*(S/u, Тү, v)} + a,{D*(S, и, u, Pv) + D*(u, Tu, P,'v)} 
+ as(D*(u, 5;и, v) D*(u, T/u, v) + D*(u, Sju, v) D*(u, Три, y) 
D(u, u, v) 
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< a, Diu, u v) + а, (D(u, и, v) + D(u, и, у)) 
+ a,{D(u, v, v) + D(u, и, v)) + a{Dtu, и, v) + D, u, у)) 
+ ags(D(u, u, v) D(u, и, у) + D(u, и, v) Ги, и, v)} 
Diu, u, y) ' 
or, (1 ~ 2a, - 2a, - 2a, - 2a,) D(u, и, v) S 0. 
This implies that и = v. Therefore S,, T, and P, have unique common fixed point іп X. 


Corollary 1. Let (X, D) be a complete and bounded D-metric space, let S, T, P : X > CB(X) 
be a multi-valued and orbitally continuous mapping such that S, T and P are pair-wise disjoint 
self-mappings of X, satisfying 


G) H(Sx, Ty, Pz) < a, “Р(х, у, 2) + a)(D(Sx, y, 2) + D(x, Sx, 2)) 
+ a,{D(y, z, Pz) + D(Sx, Ty, 2)) 
+ a,{D(Sx, у, Pz) + D(x, Ty, Pz)} 
+ a.{D(x, Sx, 2) DQ, Ty, х) + DG, Sx, z) Dx, Ty, 2} 
"б, у, 2) 
for all distinct х, у, z in X and non-negative reals a,, а,, аҙ, а, and a, such that 


(a, + 2a, + 2a, + 2a, + 2a) < 1 with (1/2) < (ату"! < 1 





_ (а + 2a, + a4 + as) - (а + 2a, + 2a, + a4 + as) 
ео со а o d, >й) 
(a, + аз + a4) 


P (1— a; — а — 2a, - as) 
Then 5, T and P have a unique common fixed point in X. 
Proof : Proof follows immediately from Theorem 3.1. 
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ON WEAKLY PREOPEN FUNCTIONS IN 
BITOPOLOGICAL SPACES 


TAKASHI NOIRI AND VALERIU POPA 


Abstract : As a generalization of preopen functions, we introduce the notion of weakly preopen functions 
in bitopological spaces and obtain several characterizations and some properties of weakly preopen 
functions. 
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1. INTRODUCTION 


The notion of preopen sets due to Mashhour et al. [12] play a significant role in general topology. 
In [3], [6] and [9] the concepts of preopen sets and preopen functions in bitopological spaces 
are introduced and investigated. In 1985, Rose [15] defined the notion of weakly open functions. 
Recently, Caldas and Navalagi [2] have introduced and studied the concept of weakly preopen 
functions between topological spaces. 


In this paper we extend the results established by Caldas and Navalagi to functions 
between bitopological spaces. We obtain some characterizations and several properties of these 
functions. 


2. PRELIMINARIES 


Throughout the present paper, (X, 1,,.75) (resp. (X, т)) denote a bitopological (resp. topological) 
space. Let (X, т) be a topological space and А a subset of X. The closure of A and the interior 
of A are denoted by СТА) апа Int(A), respectively. Let (X, ту, 15) be à bitopological space 
and A a subset of X. The closure of A and the interior of A with respect to т, are denoted 
by ІСҚА) and iInt(A), respectively, for i = 1,2. 


Definition 2.1. A subset A of a bitopological space (X, ту, т.) is said to be 
| (1) (i, f)-regular open [1] if A = iInt(j CA), where i +j, ij = 1, 2, 
(2) (i, J)-semi-open [11] if A C jCl(iInt(A)), where i # j, i,j = 1, 2, 
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(3) (i, j)-preopen [3] if A C iInt (jC(A), where i +j, 4j = 1, 2, 
(4) (i Й-о-орап [4] if A C iInt (jC(A), where i € j ij = 1, 2. 


The complement of an (i, j)-preopen set is said to be (i, j)-preclosed [6], [9]. A subset 
A is (i, J)-preclosed if and only if iCl(jInt(A) C A The (i, J)-preclosure [9] of A, denoted 
by (i, D-pC1(A) is defined by the intersection of all (i, j)-preclosed sets containing А. Тһе 
(i, j)-preinterior of A, denoted by (i, j)-pInt(A), is defined by the union of all (i, /)-preopen 
sets contained in А. 


Lemma 2.1. Let (X, т, т,) be a bitopological space and |А): X € A} a family of subsets 
of X. 


(1) F A, is (i J)-preopen for each X € A, then Oen Aj is (i, J)-preopen, 
Q) F A, is (i, J)-preclosed for each X € A, then Wea А, is (i, J)-preclosed. 
Proof. (1) The proof follows fran Theorem 4.2 of [6] and Theorem 3.2 of [9]. 
(2) This is an immediate consequence of (1). 
Lemma 2.2. Let (X, т, т) be a bitopological space and A a subset of X. 
(1) (i, f)-pInt(A) is (i, J)-preopen, 
(2) (& Л-РСЦА) is (i, j)-preclosed, 
(3) A is (i, j)-preopen if and only if A = (i, j)-pInt(A), 
(4) A is (Ё j)-preclosed if and only if A = (i, })-рС1(А). 
Proof. (1) and (2) follow from Lemma 2.1. 
(3) and (4) follow from (1) and (2). 
Lemma 2.3. Let (X, т, т) be a bitopological space and A a subset of X. 
(D Х- (i, Й-ріпқА) = @ )-pC1(X — A), 
Q) X- (i Й-рСҚА) = (i, J)-pln(X ~ A). 


Proof. (1) By Lemma 2.2, (i, j)-pC1(A) is (i, f)-preclosed. Then X — (à Й-рС((А) is (i, Й- 
preopen. On the other hand, X ~ (i, })-рС1(Х — А) с A and hence X- (i Й-СҚЦХ- A) C 
(i, J-pInt(A). Conversely, Let x € (i, j)-pInt(A). Then there exists an (i, j)-preopen set G such 
that x € GCA Then X — С is (i, j)-preclosed and X- AC X—G. Since хе X- б, х 
€ (i, J-pCl(X — A) and hence (i, J-pInt(A) с Х- (i, j)- рСҚХ — A). Therefore, X — (i, j)- 
plnt(A) = (i, j)-pC1(X — A). 0) This follows from (1) immediately. 


Definition 2.2 Let (X, ту, т,) be a bitopological space and А a subset of X A point x of X 
is said to be in the (i, j)-O-closure [7] of A, denoted by (i, j)-C1,(A), if A r^ jC1(U) # ф for 
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every Tropen set U containing x, where i j = 1, 2 and i Æj. 


A subset A of X is said to be (i, j)-0-closed if A = (i, j)-C1,(A). A subset A of X is 
said to be (i, j)-0-open if X — A is (i, Л-0-сїювеа. The (i, j)-O-interior of А, denoted by (i, 
j)-Int,(A), is defined as the union of all (i, j)-0-open sets contained іп А. Hence x € (i, j)- 
Int,(A) if and only if there exists а T -open set U containing x such that x e U c jCY(U) 
C A. 


Lemma 2.4 For a subset A of a bitopological space (X, т, т,), the following properties hold: 
() X- @ j)-Inty(4) = (5 Л-С16Х- A), 
Q) X- (i j)-C1,(A) = (i J)-Int(X — А). 
Lemma 2.5 (Kariofillis [7]). Let (X, тр т.) be a bitopological space. If U is a tropen set 
of X, then (i, j-C1g(U) = iC1(U). 
Definition 2.3 A function f : (X, тр, t;) > (Y, б), 6) is said to be 
(1) (i, Л-ѕеті-ореп [4] if for each t-open set U of X, f(U) is (i, j)-semi-open in Y, 
(2) (i, j)-preopen (61) if for each т,-ореп set U of X, ДО) is (i, j)-preopen in Y, 
(3) weakly (i, j)-open [5] if for each т,-ореп set U of X, ДО) C iInt(fjC1(U))) 


Definition 2.4 A function f : (X, tj, Ta) — (X бү, 0,) is said to be weakly (i, j)-preopen if 
for each t-open set U of X, ДО) C (i, j)-pInt (fjC1(U))). 


A function f : (X, т, т) > (E б, С,) is said to be pairwise weakly open (resp. pairwise 
weakly preopen) if f is weakly (1, 2)-open and weakly (2, 1)-open (resp. weakly (1, 2)-preopen 
and weakly (2, 1)-ргеореп). 


Remark 2.1 Since every тореп set is (i, j)-preopen [9], every weakly (i, Л-ореп function 
is weakly (i, j)-preopen for i, j = 1,2 and i + j. The converse is not true as shown in Example 
2.2 of [2]. 


3. CHARACTERIZATIONS 
Theorem 3.1 For a function f : (X, тү, 15) — (Y, бү, с.) the following properties are equivalent : 
0) f is weakly (i, Й-ргеореп; 
0) AG, j)-Intg(A)) c (i J)-pInt((A)) for every subset A of X; 
(3) (5 j)-Intg (В) c fi, J-pInt(B)) for every subset В of Y; 
@ F /-РСЦВ)) с (i ))-Clg(f- (B) for every subset В of Y; 
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(5) For each x € X and each т-ореп set U of X containing x, there exists an (i, Л- 
preopen set V containing f(x) such that V c: f(jC1(U)). 

Proof. (1) — (2) : Let A be any subset of X and x € (i, J)-Intg(A). Then there exists a ty 
open set U of X such that x € U c jCI(U) c A Hence we have f(x) є ҚО) c f(jC1(U)) | 
C f(A). Since f is weakly (i, j)-preopen, f(U) c (i, j-plnt fjC1(U)) c (Ё j)-pInt(((A)) and 
x € FG j)-pInt(f(A))). Thus (i, j)-Intg(A) C f^ (G, j)-pInt(f(A))) which implies f(, j)-Int(A) 
C (i, J)-pInt(f(A). 

' (2) = (3) : Let B be any subset of Y. Then by (2), we have K(i, j)-Int,(f-'(B)) C 6 
Эрик” (Ву) c (i, j)-pInt(B). Therefore, (i, j)-Int((£-1(B))) c FG j)-pInt(B)). 

‚ (3) = (4): Let B be any subset of Y. Then by X- (i, J-C1g(F-(8) = (i, j)-Inty(X — 
РВ) = i j)-Intg(f- (Y — В) c f, j-plnt(Y - B) = РКУ (i Л-РСІ(В)) = X - fl, 
J)pC1(B). Therefore, f-!(i, j)-pC1(B)) с (i j)-Clg (F-1(8)). 

(4) = (5): Let x € X and U be any т-ореп set containing х Set B = Y- f(jC1(U)). 
By (4), we have f-!((i, -pCY(Y — fjC1(U))) c (i )-СІЫҒҚҰ - FGCU). Now, FG, 
Мәсі - АЈС) = X- fG J)-pInt(fjC1(U)))). Moreover, by Lemma 2.6 we have 

Ci, j)-C1g(f-1(Y -Л/С100))) = (i j-ClgX – f. (QUC1(0))) c @ j)-Clg(X – jC1(U)) 
= iCI(X - jC1(U)) = X - iInt(jC1(U)) c X - ilnt(U) = X - U. 

Therefore, we obtain U c f-!((i, J-pInt(fjCl(U)))) and KU) c (i, j)-plnt(f(jC1(U)). Since 
fo) € RU), there exists an (i, j)-preopen set V such that Дх) е V c f(C1(U)). 

(5) = (1) : Let U be any т,-ореп set of X and x € U. By (5), there exists an (i, D- 
preopen set V containing f(x) such that V c Д/СІ(0)). Hence we have f(x) є V c (i })- 
pint(f(jC1(U)) for each хе U. Therefore, we obtain f(U) c (i, J)-pInt(fjC1(U))). This shows 
that f is weakly (i j)-preopen. 

Theorem 3.2 For a function f : (X, тү, 15) > (Y, бу, 65), the following properties are equivalent : 

(1) f is weakly (i, Л-ртеореп: : 

(2) fünt(F)) c (i D-pnt( KF) for each T -closed set F of X; 

(3 KU) c (i, Р-р СЦО) for every (i, Й-ргеореп set U of X; 

(4) КО c (i, D-pInt(fjC1(U)) for every (i, Й-О-ореп set О of X. 

Proof. (1) => (2) : Assume that f is weakly (i, j)-preopen. Геї F bea т;-сіовесі set of X. Then 
iInt(F) is t-open and by (1) we have fülnt(F)) C @ j)plnt(fjC1(F)) = (i J)pInt(f(F)). 

Q) = (3) : Let U be any (i, Л-ргеореп set of X Then by (2) we obtain ДЇ) c 
JG IntGC1(U)) c (i, j)-pInt (f GC1(U))). 
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(3) = (4) : This is obvious since every (i, /)-О-ореп set is (i, /)-ргеореп. 


(4) = (1) : Let U be any t-open set of X Then U is (i, )-О-ореп іп X and hence 
fU) c (i, f-pInt(fjCI(U))). Therefore, f is weakly (i, j)-preopen. 


Remark 3.1 Let t= t, = t; and С = б, = O, Then Theorems 2.3, 2.4 and 2.5 of [2] for 
a function f : (Х,7) — (Y, o) follow from Theorems 3.1 and 3.2. 


Theorem 3.3 For a bijective function f : (X, тр, ту) > (Y, бу, 05), the following properties 
are equivalent : 


(1) f is weakly (i, J)-preopen; 
(2) (i J-pC1(f GInt(F))) c ЖЕ) for every t;-closed set Е of X; 
(3) G, D-pCY((U)) c RiC1(U)) for every тореп set U of X. 
Proof. (1) = (2) : Let Е be any т,-сІоѕей set of X Then X-F is t-open and 
Y- РР) = f(X - F) c (i, Л-ро СіХ — Р))) = 
(5 j)-pInt(f(X — jInt(F))) = (i, j-pInt(Y — füInt(P)) = Y – (i, j-pC1(fgInt(P)). 
This implies that (i, j)-pCl(fgInt(P)) c ЖР). | 
@ — (3) : Let U be any т;-Ореп set of X By (2) we have 
(i, J)-pC1((U)) = (i, j-pCYf GInt(U)) C (i, -pCY(f G IntGC1(U)) с f GC1(U). 
Therefore, (i, )-рС(/(0) c fiC1(U)). 
(3 = (1) : Let U be any туОреп set of X Then, we have 
Y — (i, j-pInt(fj CU) = (i, )-рСЦҮ- Қ/С(0)) = (5 )-рСЦАХ ~ jC1(U)) с 
füCl(X — jC1(U))) = fX — int C1(U)) c fX – 0) = f(X 0 = Y - AU). 
This implies f(U) C (i, Л-ра C1(U)). Therefore, f is weakly (i, j)-preopen. 


4. RELATIONS WITH OTHER FORMS OF OPENNESS 


Definition 4.1 A function f : (X, т, т,) — (Y, бу, 0,) is said to be almost (i, j)-preopen if 
ХО is (i, Л-ргеореп in (Y, б), 65) for every (i, j)-regular open set U of (X, ту, t). 
Theorem 4.1 If a function f : (X, тү, ту) > (Y, 0), 0,) is (i, j)-preopen, then f is almost 
(i, j)-preopen. 


Proof. Let U be any (i, j)-regular open set of X Then U = iInt(jC1(U)) and hence U is T,- 
open. Therefore, f(U) is (i, Л-ргеореп. This shows that f is almost (i, J)-preopen. 
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Theorem 4.2 If a function f : (X, ті, v5) > (Y, бу, 02) is almost (i, j)-preopen, then f is weakly 
(i, Jpreopen. 

Proof. Suppose that f is almost (i, j)-preopen. For every тореп set U of X, since iInt(jC1(U)) 
is (i j)regular open, f(nt(jC1(U)) is (i, J)-preopen in Y. Moreover, we have ҚО) C 
f(ünt(jC1(U))) c f(jC1(U)) and hence f (U) c (i, f-plnt (f (jC1(U)). Therefore, f is weakly 
(5 j)-preopen. 

Remark 4.1 a) The converses of Theorems 4.1 and 4.2 are not true in general. We can see 
the reason in Examples 2.2 and 2.19 of [2]. 

b) Let 1, = t, = t and б, = б, = б. Then, by Theorem 4.2 we obtain Theorem 2.18 
of [2] concerning a function f : (X, т) -> (Y, o). 

Definition 4.2 A bitopological space (X, т, т) is said to be (i, j)-almost regular [16] if for 
each x € X and each (i j)-regular open set U oontaining x, there exists an (i, j)-regular open 
set V of X: such that x e V c jCI(V) c U. 

Theorem 4.3 : Let a bitopological space (X, t,, t») be (i, j)-almost regular. Then a function 
f: & т, ту) > (Y, б,, ©) is almost (i, j)-preopen if and only if it is weakly (i, j)-preopen. 
Proof. Necessity. This is shown by Theorem 4. 

Sufficiency. Suppose that f is weakly (i, /)-ргеореп. Let U be any (i, j)-regular open set 
of X Since X is (i, j)-almost regular, for eaeh x € U there exists an (i, j)-regular open set 
О, such that x € U, c jCI(U,) c U. Since every (i, j)-regular open set is t,-open and f is 
weakly (i, j)-preopen, we obtain 

ЖО = U(f(U) : x e U} c UG j-plntf G C1(U,))) : x e 0) 
C (i j-pln(Utf GCU) : x € U) = (i, j-PInf(UUCI(U) : x € Ор) 
C (i, J)-pInt(f (U)). 

By Lemma 2.2, f (U) is (i, j)-preopen. Therefore, f is almost (i, /)-ргеореп. 
Definition 4.3 A bitopological space (X, ті, т) is said to be (i, j)-regular [8] if for each 
x € X and each т,-ореп set U containing х, there exists а Трореп set V such that x € V C 
СУ) c U. 

Theorem 4.4 Let a bitopological space (X, т, т.) be an (i, j)-regular. Then a function f : 
(X, т, т) — (Y, б, o5) is (i, J)-preopen if and only if it is weakly (i, j)-preopen. 


Proof. The proof is similar to that of Theorem 4.3. 
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Corollary 4.1 Let (X, т, т.) be ап (i,j)-regular space. For a function f : (X, тү, ту) > (Y, 
бү, O5), the following properties are equivalent : 

(1) fis (i, Й-ргеореп; 

(2) f is almost (i, j)-preopen; 

(3) f is weakly (i, j)-preopen. 
Remark 4.2 By Theorem 4.4, we obtain Theorem 2.12 of [2] which is a property of a function 
f: (X т) ээ Y, 0). 
Definition 4.4 A function f : (X, т) — (Y, с) is said to be strongly continuous [10] if f (C1(A)) 
C f(A) for every subset A of X. 
Theorem 4.5 If a function f : (X, тү, т) > (Y, б), 0,) is weakly (i, j)-preopen and strongly 
j-continuous, then f is (i, j)-preopen. 
Proof. Let U be any тореп set of X. Since f is weakly (i, j)-preopen and strongly j-continuous, 
we have f (U) c (i, j-pInt GCL) C (i j)-pInt(f (U)). Therefore, f (U) = (i, j)-pInt (f (U)). 
By Lemma 2.2, f(U) is (i, Л-ргеореп. Hence f is (i, j)-preopen. 
Definition 4.5 A function f: (X, т), т) > (Y, бу, С,) is said to have the weak (i, j)-pinteriority 
condition if (i, j)-pInt (РО C1(U))) C f(U) for every t-open set U of X. 
Theorem 4.6 If a function f : (X, тү, т.) (Y, б, Op) is weakly (i, j)-preopen and satisfies 
the weak (i, j)-pinteriority condition, then f is (i, j)-preopen. 
Proof. Let U be any 7,-open set of X. Since fis weakly (i, /)-ргеореп and satisfies the weak 
(i, j)-pinteriority condition, we have f (U) c (i, j)-pInt f(jC1(U))) c f(U). Therefore, RU) = 
(i, )-plnt (£F(jC1(U)). By Lemma 2.2, f(U) is (i, Л-ргеореп. Hence f is (i, /)-ргеореп. 


5. SOME PROPERTIES OF WEAKLY (i, )-РКЕОРЕМ FUNCTIONS 


Definition 5.1 A bitopological space (X, ту, 7,) is said to be (i, J)-hyperconnected if j C1(U) 
= X for every t,-open set U of X. 


Theorem 5.1 Let (X, т, т) be an (i, j)-hyperconnected space. Then a function f : (X, т, 
т) > (Y, бү, 65) is weakly (i, j)-preopen if and only if f (X) is (i, j)-preopen in Y. 
Proof. Necessity. Let f be weakly (i, j)-preopen. Since X is т,-ореп, f (X) C (i, j)-pInt (f  C1(X))) 


= (i, J)-pInt f (X)) and hence f (X) = (i, j)-pInt (f (X)). By Lemma 2.2, f (X) is (i, Л-ргеореп 
in X 
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Sufficiency. Suppose that f (X) is (i, )-ргеореп in Y. Let U be t-open in X Then f(U) 
C f(X) = (0, Л-ра F(X) = (i, J-plInt(f (C1(U). Therefore, f(U) с (i, j)-pInt (f  C1(U))). 
This shows that f is weakly (i, j)-preopen. 
Remark 5.1 By Theorem 5.1, we obtain Theorem 2.25 of [2] which is a property of a function 
f: (X, 7) -> (Y, o) 


Definition 5.2 A function f: (X, т), т,) — (Y, сү, 0.) is said to be (i, j)-contra-closed if f (F) 
is oopen in Y for every t-closed set F of X. 


Theorem 5.2 If a function f : (X, т, т) (Y, бү, 05) is (i, )-сопіға-сіовеа, then f is weakly 
(i, )-ргеореп. 

Proof. Let U be any Т,-ореп set of X Then jC1(U) is tclosed іп X. We have f (jC1(U)) = 
i Int (F(jC1(U))) c i Int (j C1(f  CI(U))). Therefore, f (jC1(U)) is (i, )-ргеореп. Hence f (U) 
c f(C1(U)) = (i, D-pInt (f (j C1(U))) Therefore, f is weakly (i, j)-preopen. 

Lemma 5.1 Ff : (X, т, Xj) (Y, бу, 65) is a bijective and (i, j)-semi-open function, then 
jInt(i C1 (P) с ЖЕ) for every Түсїовеа set F of X. 


Proof. Let F be any т,-сІоѕеа set of X Then X — Е в t-open in X Since f is (i, j)-semi- 
open, f(X — F) c j Cl(iInt (f(X — F)) Therefore, Y — f(F) = f(X - F) c ЈС (f(X — 
F) = Y - jInt (i CY(f (F)). Therefore, j Inti CIF (F)) c ГЕ). 


Theorem 5.3 If f : (X, тү, ту) — (Y, бү, 65) is a weakly (i, j)-preopen and (j, i)-semiopen 
bijection, then f is weakly (i, j)-open. 


Proof. Let U be any Трореп set of X. Thn ЈСІ(0) Б T,-closed. By Lemma 5.1, 
iInt(j C1(f С1(07) c fO C1(U)) and hence i Int(j C1(f (j C1(U))) c ilnt (f (j C1(U)). Since 
fis weakly (i, j)-preopen, f (U) C (i, /)-plnt(f (ў C1(U))). By Lemma 2.2, (i, j)-pInt (f C1(U))) 
is (i, j)-preopen and hence (i j)plnt(fü C1(U)) C ilIntQCl((, J-plIntf СІ) C 
Пи GC1(fGC1(U)))). Therefore, /(0) c iInt(j CY(£ jC1(U))) c ilnt(f C1(U))) Hence f is 
weakly (i, j)-open. 

Remark 5.2 Theorem 5.3 is a dual form of Theorem 6.3 of [13] for a bijection f: (X, т) 
— (Y, o). 

Definition 5.3 A bitopological space (X, т), т,) is said to be pairwise connected [14] (resp. 
pairwise preconnected) if it cannot be expressed as the union of two nonempty disjoint sets 
U and V such that О is тореп and V is тгореп (resp. U is (i, Й-ргеореп and V is (j, D- 
preopen). 

Theorem 5.4 (Y, бу, с.) is pairwise preconnected and f : (X, тү, ту) > (Y, бү, С,) is a pairwise 
weakly preopen bijection, then (X, тү, т.) is pairwise connected. 
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Proof. Suppose that (X, т), т,) is not pairwise connected. There exist а тореп set U, and 

a t-open set U, such that О + ф, О 2 6, U, A U, = and 0, 9 U, = X. Hence, we have 

КО) + $, (0) # 0, f(U)) ^ F(U) = ф and f(U)) o f(U5) = Y. Since f is pairwise weakly . 
preopen, f(U,) c (i, j)-pInt f jC1(U,))) and /(0:) с G, i)-pInt (f ((C1(U))). Since U, and 

U, are t,-closed and t,-closed, respectively, we have f (U,) С (i J)-pInt(tU))) and f(U,) C 

0, D-pInt(f (U)) and hence f(U,) = (i, J)-pInt (f (U,)) and f (U5) = G, д-ра (U)). By Lemma 

2.2, f (U,) is (i, j)-preopen and f (U,) is Q, i)-preopen. This is contrary that (Y, бу, 05) is pairwise 

preconnected. Therefore, (X, ті, т,) is pairwise connected. 


Remark 5.3 By Theorem 5.4, we obtain Theorem 2.23 of [2] which is a property of,a function 
F: X т) > F, o). 


11. 


12. 
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